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COMBINATORIAL HOPF ALGEBRAS AND TOPOLOGICAL TUTTE 

POLYNOMIALS 

THOMAS KRAJEWSKI*, IAIN MOFFATT*, AND ADRIAN TANAS A* 


Abstract. By considering Tutte polynomials of a combinatorial Hopf algebras, we show how a 
Tutte polynomial can be canonically associated to a set of combinatorial objects that have some 
notion of deletion and contraction. We show that numerous graph polynomials from the literature 
arise canonically from this framework. These polynomials include the classical Tutte polynomial of 
graphs and matroids, Las Vergnas’ Tutte polynomial of the morphism of matroids and his Tutte 
polynomial for embedded graphs, Bollobas and Riordan’s ribbon graph polynomial, the Krushkal 
polynomial, and the Penrose polynomial. 

We show that our Tutte polynomials of Hopf algebras share common properties with the classical 
Tutte polynomials, including deletion-contraction definitions, universality properties, convolution 
formulas, and duality relations. New results for several graph polynomials from the literature are 
then obtained as examples of the general results. 

Our results offer a framework for the study of the Tutte polynomial and its analogues in other 
settings, offering the means to determine the properties and connections between a wide class of 
polynomial invariants. 
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1. Introduction and overview 

The Tutte polynomial is arguably the most important graph polynomial, and unquestionably the 
most studied. It encodes a substantial amount of the combinatorial information of a graph, spe¬ 
cialises to a myriad of other polynomials (including the chromatic and flow polynomials), it appears 
in knot theory as the Jones and homfly-pt polynomials, and in statistical mechanics as the Ising 
and Potts model partition functions. Over the last few years there has been considerable interest 
in topological analogues of the Tutte polynomial, that is, in extensions of the Tutte polynomial 
to graphs embedded in surfaces. The study of “topological Tutte polynomials” began, as far as 
the authors are aware, with M. Las Vergnas’ Tutte polynomial of the morphism of a matroid. By 
considering matroid perspectives associated with embedded graphs, in [35l |36] (see also [MIES]), 
he introduced a polynomial Lg{x, y, z), since named the Las Vergnas polynomial, that extends the 
classical Tutte polynomial to cellularly embedded graphs. Unfortunately Las Vergans’ polynomial 
did not gain much attention and it took several years for topological Tutte polynomials to attract 
the serious attention of the community. This attention was instigated by B. Bollobas and O. Ri- 
ordan’s papers [6| and [5] where they introduced a topological Tutte polynomial RG{x,y,z). This 
polynomial, which is usually described in the language of ribbon graphs, has attracted much atten¬ 
tion and has found applications in knot theory and quantum field theory. Most recently, motivated 
by the algebra and combinatorics of statistical mechanics and quantum field theory, S. Krushkal 
introduced in [32| a polynomial Kg{x, y, a, b) that extends the Tutte polynomial to graphs that are 
not necessarily cellularly embedded in a surface. 

Our work in this paper is motivated by one of the most fundamental questions on topological 
Tutte polynomials that can be asked. Why are there three topological Tutte polynomials? Can 
each of them make an equally valid claim to be the “Tutte polynomial” of an embedded graph? 
We answer these questions here. 

Our approach is to study graph polynomials en masse, rather than individually. To do this we 
propose a Hopf algebraic framework for Tutte-like graph polynomials. We show that this Hopf 
algebra formalism provides a canonical construction of a “Tutte polynomial” of a (suitable) set 
of combinatorial objects that is equipped with some notion of “deletion” and “contraction”. (We 
emphasise that these need not be the usual notions of deletion and contraction for the given objects. 
In fact different “Tutte polynomials” arise from different notions of deletion and contraction.) We 
show (in Section [3|) that several graph polynomials from the literature, including the classical 
Tutte polynomial, the three topological analogues of the Tutte polynomial mentioned above, and, 
surprisingly, the Penrose polynomial of inisni arise as the “canonical Tutte polynomials” of some 
class of combinatorial objects. Table [1] exhibits the polynomials we identify here as canonical Tutte 
polynomials. 

We then go onto show, in Section 01 that various key properties of the classical Tutte polynomial 
hold in our general setting. We show that just like the classical Tutte polynomial of a graph, 
these generalised Tutte polynomials satisfy deletion-contraction relations, universality properties, 
convolution formulas, duality formulas. We also identify their state-sum formulations. Many of 
these results are new to the literature. Perhaps most importantly we offer a framework for the 
study of the Tutte polynomial and its analogues in other settings, offering the means to determine 
the properties and connections between a wide class of polynomial invariants. 
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Polynomial 

Objects 

Deletion & Contraction 

Hopf Alg. 

classical Tutte 

TM{x,y) 

matroids 

usual 

rr 

classical Tutte 

TG{x,y) 

graphs 

usual 

W 

Las Vergnas’ Tutte polynomial of 
a matroid perspective 
TM^M'{x,y,z) 

matroid perspectives 

usual 


Las Vergnas LGcT,{x,y, z) 
LGc.T.{x,y,z) 

graphs in pseudo-surfaces 

deletion, 

topological quotient 

^ps 

2-variable Bollobas-Riordan 
RD{x,y) 

delta-matroids 

usual 


2-variable Bollobas-Riordan 
RG{x,y) 

ribbon graphs 

ribbon graph 

girg 

Bollobas-Riordan 

R(G,p)ix,y,z) 

vertex-partitioned 
ribbon graphs 

ribbon graph 

j^vrg 

Kruskhkal 

K(Gc.AV){x,y,a,b) 

vertex-partitioned 
graphs in surfaces 

removal, quotient with 
pinch point resolution 

yvgs 

2-variable Penrose 

PD{x,y) 

delta-matroids 

contract, 

loop-complement-contract 

ype 

2-variable Penrose 

PG{x,y) 

ribbon graphs 

contract, twist-contract 

‘^per 


Table 1. Canonical Tutte polynomials associated with various minor systems. 


2. The Tutte polynomial of a Hopf algebra 


Let % = 0j>o be a combinatorial Hopf algebra (so, in particular, % is graded with \'Ho\ = 1). 
We will also assume that each is a free module or vector space over K, and so has a basis. If 
/ and g are mappings from % into some algebra with product m, then their convolution product, 
f * g, is the mapping from Ti defined hy f * g := m o (f iSi g) o A. 

Let be a basis for Hi. For each i £ I we define the mapping —)■ K to be the linear 

extension of 


( 1 ) 


6i{S) := 



iiS = Si 
otherwise 


Let {xj}j£j be a set of indeterminates, a* G ]K[{xj}jgj] for each i £ I, and a = {ai}jg/. We define 
the selector 6^ ■ H ^ ]K[{3:j}jgj] by 

(2) (5a .— ^^Oj(5j. 

i&I 


Similarly, for a set of indeterminates {yj}jgj, set b = {6i}jg/ with each bi £ IC[{yj}jgj], we define 
:= Eie/ ■ 

With this choice of (5a (or (5b) we can consider its *-exponential: 

c 1 

(3) exp^((5a) = ^-^ = e + 5a +-(4*4) H-• 

ml 2 

m>0 

We now introduce the Tutte polynomial of a Hopf algebra. 
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Definition 1. Let 5a and 5b be as above. Then we define the Tutte polynomial of a(a, b) : 
T-L K[{xj,yj}j^j] by 

a(a,b) := exp^(5a) * exp^(5b). 

At this point the reader may find it instructive to look forward to Example [H which shows a 
computation of Tutte polynomial of a Hopf algebra of graphs. 

Before we continue (and, in particular, justify why we name a the Tutte polynomial) we say a 
few words about notation. In our examples, "Hi will have a small dimension (of 2 to 5 elements) so 
we will usually fix an order of the basis and specify a and b as vectors, and the pair a, b as a list in 
a(a, b). We will also use a similar notation to specify 5a. This will both reduce clutter and make 
better contact with standard graph polynomial notation. Furthermore, we will often only define 5a 
with the understanding that 5b is defined through a change of variables. 

Remark 1. In light of its use in Definition [H the definition of the selector 5a may seem a little 
convoluted in that we choose the Oj € K[{xj}jgj] rather than just taking the Oj to be indeterminates. 
However, as we will see in Section [3l this choice is necessitated by the applications. We also note 
that, again because it is demanded by the applications, we will often take our indeterminates to be 
fractional powers (e.g., x^/^). 

Our aim here is to show that the general definition of the Tutte polynomial of a Hopf algebra, 
a(a, b), provides a framework for studying a large class of graph polynomials from the lieterature. 
To this end we now work towards identifying how a variety of graph polynomials arise canonically 
as the Tutte polynomial of a Hopf algebra. More strongly, we will show that given a set of com¬ 
binatorial objects with some notion of deletion and contraction, we can use Definition [1] to obtain 
a natural and canonical Tutte polynomial for that class of objects. We identify numerous graph 
polynomials as the canonical Tutte polynomial of an appropriate class. 

Definition 2. A minors system consists of the following. 

( 1 ) A graded set S = IJn>o‘^”’ finite combinatorial objects such that each S G Sn has a 
finite set E{S) of exactly n sub-objects associated with it, and such that there is a unique 
element 1 G 5o. 

(2) Two minor operations \, jj called deletion and contraction, respectively, that associate 
elements S\e and S H e, respectively, to each pair iS G Sn, e G E(S)), where E(S \ e) = 
E{S // e) = E{S) \ e, and such that for e 7 ^ / 

{S\e)\f = {S\f)\e, {S//e)\f = {S\f)//e, {S 1/e)//f = {S 1/f) j/e. 

An example of a minors system is the set of matroids, with E(S) the cardinality of the ground 
set of a matroid S, and with the usual deletion and contraction of matroids. Other examples can 
be found in Section [3l 

We say that S' is a minor of S, if S' can be obtained from S' by a sequence of applications of 
the minor operations. By definition, if S is in a minor system, then so are all of its minors. Since 
the order of the application of the minor operations to distinct elements of E{S) does not matter, 
we can use the notation S ^ A and S // A lo mean we apply the appropriate minor operation to all 
of the elements in A C E[S) in some order. 

Minor systems have a natural Hopf algebra structure: 

Proposition 1. The module TL of formal Z-linear combinations of elements of a minors system S 
forms a coalgebra with counit under 

A(S)= ^ (S\\.4')®(S///1), E(S) = |l 

AW 1“ otherwise. 
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If, in addition, the vector space forms an algebra with multiplication m and unit g such that r]{l) G 
5o; for all 81,82 G 5 

E{mi 8 i ^ 82 )) = E{ 8 i) U E{ 82 ), 

and for each Ai C E{8i) 

m{ 8 i \ (8) 52 ^ A 2 ) = m{ 8 i 0 ^ 2 ) \ (^i U A 2 ), m{ 8 i // Ai® 82 // A 2 ) = m{ 8 i ® 82 ) / (^1 U A 2 ), 

then it is a combinatorial Hopf algebra. 

Proposition [1] can be deduced from W. Schmitt’s general framework of [51]. It is also a fairly 
routine exercise to prove the result directly. Accordingly we omit its proof. 

We call a Hopf algebra of the type described in Proposition [1] the Hopf algebras of the minors 
system S. 

We say that a selector 6 ^ is uniform if, for each 8 gH, the evaluations of d®*” for each summand 
of are equal. (Equivalently, da is uniform if d®™ is a well-defined map on the symmetric 

algebra for each m.) 

Definition 3. Let ^ be a Hopf algebra of a minors system S, and da and db be uniform selectors, 
where the dj are determined by the elements of 5i. Then we say that a (a, b), as given in Definition[T] 
is a canonical Tutte polynomial of the minors systems 8 . 

A main aim of this paper is to show known graph polynomials fit in the general framework of 
the Tutte polynomials of Hopf algebras. The following two results will prove useful in doing this. 

Theorem 1. Let H be a combinatorial Hopf algebra of a minors system S with coproduct A(5) = 
A'’)® [8 // A). Suppose that a set I indexes the elements of Hi, and that the functions 
5i are defined by Equation ©• Suppose also that for each j in some indexing set J there is a 
function rj'.H^Q such that 

(4) fjiS) = rj{S H e) + mij when dj(5 ^ e'’) = 1, 

where 8 G H, e G 8 and niij G Q; and such that rj{S) = 0 when 8 G Ho- 
For a set of indeterminates {xj}j^j define 

(5) da := ^Ojdj where Oi := 

i&i jeJ 

Then da is uniform. Moreover, if dh := Tutte polynomial ofH 

satisfies 

j&J ACE{s)jeJ 

where ri{A) ■.= {8 \ A‘^). 

Proof. The proof of the theorem has four main steps: (1) showing da is uniform, (2) finding a closed 
form for exp^(da)(5), (3) showing that for each j, rj{S) = rj{S \ A'’) + rj{D fj A), and (4) proving 
the the given form of a(a, b)(5). 

We start by showing da is uniform. For this we set up some notation. For 8 G S G H we use 
Pi{S), where 1 = 1 ,... |F(5)|!, to denote the summands of that consist of the tensor 

product of |F(5)| objects each of which is of graded dimension 1. In addition let ^i{Pi{S)) denote 
the number of tensor factors in Pi{S) which 5i maps to 1. 

To prove the uniformity of da we need to show that for each I and 8 , d®* takes the same value 
on each summand of If any tensor factor in the summand is not of graded dimension 

1 then da will evaluate to zero on that summand, thus we need only consider summands in which 
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each tensor factor is of graded dimension 1 . That is, we need to show that for each S € S, 
takes the same value on Pi{S), for each 1. To do this we show 


(7) 




Th'S') 


j&J 


By definition we have 

( 8 ) 




i&I 


n 

3&J 




So we need to show for each j & J that 

( 9 ) r,{S) = Y,mij-MPi{S)). 

iei 

We will do this by induction on |£^(S')|. If |-E(5')| = 0 the result holds since both sides of Q are 
trivial. |T'(S')| = 1 then for exactly one k £ I, 6 k{S) = 1 and so 

'^mj ■ #i{Pi{S)) = mkj = rj{S). 

iei 

Now suppose that S £ S with |£'(S')| > 2, and that (0 holds for all S' £ S with |£'(S")| < |£'(S')|. 
We can write 

(10) Pi{S) = Qi ^ Q 2 ^ Q3 ^ ® Q\E{S)\, 

where each Qk is of graded dimension 1. Observe that we can write 

( 11 ) PniS//ei) = Q2<^Q3 <^---<^Q\e{s)\^ 

for some n and that Qi = S \ ei^. By the inductive hypothesis 

(12) rj{S H ei) = • #i{Pn{S H ei)), 

i&I 

for each j £ J. 

We know that 6 p{S \ ei'^) = 1 for some p and is zero otherwise. Using Equation (jlll) for the first 
equality, the inductive hypothesis for the second, and Equation Q for the third, we have 


(13) 


'^rriij • #i{Pi{S)) = rripj + { '^rriij ■ #j(P„(S' jj ei)) 


is/ 


.is/ 


= mpj + rj{S H ei) 

= 0('5) 


(14) 

(15) 

Thus we have shown (5a is uniform. 

Next we find a closed form for exp^(5a)(5'). Using the definition of the *—exponential, 


(16) 


exp^((5a(5)) = ^ 

p=0 


p\ 


(S). 


All the terms in this sum vanish except the ones for which p = |E(S')| (as otherwise some 6 i will 
evaluate to zero). Eurthermore, the non-vanishing terms arise exactly from the |E(5)|! terms of 
A(I®(‘^)I“1)(S') that consist of the tensor product of |E(5')| elements of graded dimension 1. Thus 

|E(S)|! 


(17) 


exp* (4(5”)) = 


1 


\E{S)\l 




1=1 
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Equation (jT]) then gives 


(18) 


exp^((5a(S')) = 

3&J 


Next, to show that Q;(a, b)(5) can be written on the form of Equation ([ 6 ]) we prove the following 
identity. For each A C E{S), and for each j e J, 

(19) r,{S) = r,{S\A^) + r,{S//A). 

(We note that it is enlightening to compare Equation (1191) with the definition of matroid contraction 
in terms of rank functions, as appears in the exponents of the classical Tutte polynomial.) To prove 
(fT9|) we start with the observation that since A is a cocommutative and {S // e) \ f = {S \ f) // e 
for 6 7 ^/, 

(20) AiS) = A{S\A^)^A{S//A). 

Using the notation from Equation (llOp . let 

( 21 ) Pi{S) = Qi ® Q2 0 Qs ® ® Q\e{S)\ 

be one of the |E(S')|! summands of in which each Qk is of graded dimension 1. Then 

since 6^ is uniform and since 6i is zero on all elements except for those of graded dimension 1, 

(s \(q\ f (Sie/ ■ *^0 

exp, (4) (5) = 2^ --- 

p=0 \ 

=n 

k=l \iGl 

\A\ / \\ /\E{S)\-\A\ / 

HE o-i ■ Si{Qk) I I • n E Oi • Si{Qk) 

k=i Kiel ' j \ fc=l^l+i Kiel 

= exp,(4)(5 \\ A^) • exp,((5a)(5 H A), 

where the last equality follows since Qi (8* • • • <8* Q|_e(s)| is a summand of A*^I^('^)I“^)(S') so by 
Equation (f20|) Qi 0 • • • <8) Q\a\ is a summand of '(y A‘^), and (5 |a|+i ® ® Q|£;(S)| is a 

summand of aI'^'^"^I“^(S' jj A). But then, by (fTSll , we have 

j&J \i6J / \ieJ / 





from which (|19p immediately follows. 
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Finally we prove Equation (f6|). 

a(a,b)(5)= ^ exp^(4)(5 \\ A'") • exp^((5b)(5'/ A) 

ACE{S) 


ACEiS) \j&J 


rj{S\A-) 




Em 

ACE yeJ 


Jj(S\A- 


n. 

dcJ 


n^-r’ E n ^ 

ieJ / ACE \jej 


rj(A) 


completing the proof of the theorem. 


□ 


The reader will undoubtably recognise Equation ([6]) as being of a similar form to the span¬ 
ning subgraph expansion of the classical Tutte polynomial of a graph TG{x,y) = '^ace{g)(^ ~ 
lY(G)-r(A) This is perhaps the first point where the reader finds some justification of 

why we consider a(a, b) a “Tutte polynomial”. 

Although fairly straight-forward, the following theorem proves to be important. It provides a 
formal definition of what it means for one graph polynomial to generalise or to contain another. 
Moreover, we will use it to show that many known relations between graph polynomials are conse¬ 
quences of natural maps on the Hopf algebra level. 

Theorem 2. Let LL and %' he combinatorial Hopf algebras and (p : H ^ H' be a Hopf algebra 
morphism. Suppose that o.nd cire selectors for H and H', respectively, such that 6‘u,a = 
o 4>- Then 

aw(a,b) = a^/(x,y) o f,, 

where the a’s are defined using 5-u and 6u', respectively. Moreover, if dy,/ is uniform, then so is 
dn- 

Proof. We write (5-^ for (5-^,3) and dy^i for Let S gH. Using Sweedler notation we can write 

j 

Since (p is a Hopf algebra morphism 

a5J)(0(s)) = cp^^ (a2)(5)) =Y,<P {sf) ® ® ). 

j 

These two expressions and that <5-^ = 5-^/ o (p give 

= . 

j 

= E^w{4>{sf^)) .)) 

j 

= d* 4 icp{s)) 

It follows that exp^{d‘u){S) = exp^,{d-^i){(p{S)), and so a^iS) = a-^i{(p{S)), as required. 




To see that 6 -^ is uniform when dy^/ is, let a be an element of the symmetric group on k elements. 

• • •<8)5'H'(0('S'o-(fc)))). Since 6 yi is uniform these two expressions are equal, and so 6 y is uniform. □ 

3. Examples 

In this section we give a large number of examples of minor systems and their canonical Tutte 
polynomials. In particular we identify the classical Tutte polynomial of a graph or matroid, and 
a number of its extensions to graphs in surfaces as canonical Tutte polynomials. Because of the 
wide variety of examples, this section is fairly long. However, each subsection deals with a different 
polynomial and the subsections are largely independent of each other. No subsection is a prerequi¬ 
site for the later content of the paper. Thus a reader may safely pick and choose the examples he 
or she is interested in, ignoring the details of the rest. 

As mentioned previously, we will often specify a, b da, (5b, and a(a, b) as follows. We fix some 
basis of Til and some order of it. Then we specify 6 a = writing S{ai,a 2 , ■ ■ ■, an)- We 

do similarly for (5b. Finally, we specify a(a, b) by writing a{ai ,..., an, bi,..., bn)- 

3.1. The classical Tutte polynomial of a matroid. For our first (and simplest) example we 
show that the classical Tutte polynomial of a matroid is the canonical Tutte polynomial of matroids 
with their usual deletion and contraction. 

A matroid M = (E, r) consists of a ground set E and a rank function, r : P(E) —)• Z>o, from the 
power set of E to the non-negative integers such that for each A C E and e, f £ E we have r(0) = 0, 
r{A U {e}) G {r{A),r{A) + 1} and, r{A) = r{A U {e}) = r{A U {/}) r{A U {e, /}) = r{A)- As 
is standard, at times we will write r{M) for r{E). The Tutte polynomial of a matroid M = {E,r) 
is 

( 22 ) TM{x,y)= 

ACE 

If M = {E,r) is a matroid and A C E, then M\A = (E\A, r|^y^) is the matroid obtained by 
deleting A] and M/A = {E\A,r'), where r'(B) := r{B U A) — r{A), is the matroid obtained by 
contracting A- The restriction of M to A is M\a ■= M\A'^- If A consists of a single element e, we 
write M\e for M\{e}, and similarly for rank functions, contraction, restriction, etcetera. We adopt 
this convention for the other structures considered in this paper. The dual of M is the matroid 
given by M* = (E,r*), where r*(A) := |A| -|- r{E\A) — r{E)- The direct sum of disjoint matroids 
M = (E,r) and M' = {E',r') is M®M’ := [EUE’,rM®M') where rMeM'(^UA') = r(A)-|-r'(A'). 
A set A C E is independent if r(A) = |A|, and dependent otherwise. A maximal independent set is 
called a basis. Matroids are defined by their independent sets or their bases, see for example [3^H3] . 
A uniform matroid U^^n is a matroid over a ground set E of n elements and whose independent 
sets consist of all subsets of E with at most k elements. 

An element e G E is an coloop (or isthmus) if for each independent set A we have that A U {e} 
is also independent, and e is a loop if r(e) = 0. We note the following elementary result. 

(23) r(M) = if e is a loop, 

yr{M/e) + I otherwise. 

The following result is readily seen to hold. 

Lemma 1. The set of isomorphism classes of matroids forms a minors system where the grading 
is given by the cardinality of the ground set, deletion and contraction are given by the usual matroid 
deletion and contraction, and multiplication is given by direct sum. 

For convenience we will henceforth identify a matroid with its isomorphism class. The minors 
system gives rise to a Hopf Algebra: 
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Definition 4. We let Ti.^ denote the combinatorial Hopf algebra associated with matroids via 
Lemma [Hand Proposition [TJ Its coproduct is given by Am{M) = ^ M\A^ 0 M/A. 

ACE{M) 


There are exactly two elements in namely the uniform matroids Ui^i and The selector 
associated with is 


(24) 
where 

(25) 


(5a = 6 {xi,X 2 ) = Xi5c + X 261 , 


5c{M) := 


1 if M = 17i,i 


and Si{M) := 


1 ifM = 17o,i 
0 otherwise 


0 otherwise 

(In the notation of Theorem [H a = (xi, 3 : 2 ) with ordering 17ip, C/ 0,1 of a basis of /C™.) 


Theorem 3. The Tutte polynomial of a matroid arises as the canonical Tutte polynomial of the 
combinatorial Hopf algebra TL^: 


(26) 


a{xi,X2,yi,y2){M) = ( — + 1 , — + 1 


yi 

Xl 


2/2 


Proof. For a matroid M = [E, r), upon taking ri{M) := r{M) to be the rank function of a matroid, 
and r 2 '.= E — r[M) to be its nullity, Equation (I23|) and Theorem [T] gives 


a{xi,X2,yi,y2){M) ^ 


ACE{S) 


_ r{M) \E\-r{M) 
— -^1 ^2 


E (f; 


ACE{S) 

The result follows by comparing this with Equation (I22p . 


r{A) 


2 / 2 / 


\A\-r{A) 


r{M)—r{A) 


2 / 2 / 


\A\-r{A) 


□ 


Corollary 1. With a(xi,X 2 , 2 / 1 , 2 / 2 ) defined as in Theoreml^ 
(27) TM{x,y) = a{l,y - l,x - 


In Theorem [3] we have recovered a result of Duchamp et. al from [20], which was the inspiration 
for this work. 


3.2. The classical Tutte polynomial of a graph. The classical Tutte polynomial of a graph G 
is 

(28) TGix,y)= Yl (x-l)'-(«)-’'(^)(y-l)l^l-^(^), 

ACE{G) 

where r{A) := v{A) — c{A), and ^(^4) and c{A) denote the numbers of vertices and components, 
respectively, of the spanning subgraph of G on A. 

For a combinatorial Hopf algebra we require a single element of graded dimension zero. For this 
we consider graphs up to 1-sums. Recall G and H are graphs, and u is a vertex of G and u a vertex 
of H, then a 1-sum, G H is the graph obtained by identifying the vertices u and v. 

The following is easily seen. 

Lemma 2. The set of equivalence classes of graphs considered up to 1-sums and isomorphism 
forms a minors system where the grading is given by the cardinality of the edge set, deletion and 
contraction are given by the usual graph deletion and contraction, and multiplication is given by 
disjoint union. 
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We now identify a graph with its equivalence class. The above minors system gives rise to a 
Hopf Algebra: 


Definition 5. We let W denote the combinatorial Hopf algebra associated with graphs via 
Lemma [5] and Proposition [H Its coproduct is given by Ag(G) = ^ G\A^ ® G/A. 

ACE{G) 

Recall for a graph G is a graph, its cycle matroid (or graphic matroid) is G{G) := {E{G),rc(G))^ 
where rG(G){^) ■= v{A) — c{A). 

Lemma 3. There is a natural Hopf algebra morphism 4> : W —)• Lf™ given by (j) : G ^ C{G). 


Proof. Since G{G 0i H) = G{G) © G{H), (j) is well-dehned. It is easily seen that (f is multi¬ 
plicative, and send the (co)unit to the (co)unit. A standard result in matroid theory is that 
G{G)/A = G{G/A) and C{G)\A = G{G\A), giving G(Ag(G)) = Y. age C{G\A‘^) ® G[G / A) = 
Yage C{G)\A- © C{G)/A = A^(C(G)). □ 


We will use 4> to identify the Tutte polynomial of W. 

TLi has two elements, a bridge and a loop which giving rise to a selector 

6 {xi,X 2 ) = xi 5 b + X2S1, 


where 

(29) 


h{G) : = 



if G = ({u,'(;},{(u,u)}) 
otherwise 


and 


6i{G) := 



if G = ({u},{(u,u)}) 
otherwise 


Theorem 4. The Tutte polynomial of a graph arises as the Tutte polynomial of the combinatorial 
Hopf algebra W: 

(30) a(xi,X2,yi,2/2)(G') = f + !)• 

Proof. Upon verifying that 6b{G) = S'^(C(G)) and Si(G) = 5[{G{G)), where the primed d’s are those 
of Equation (j25j) , the result follows immediately from Theorems [2] and [3l □ 


Note that Theorem [J] can also be proven via Theorem [T] giving a proof almost identical to that 
of Theorem [3l 


Corollary 2. 

(31) TG{x,y) = a{l,y-l,x-IA){G). 

Graphs provide a convenient setting to illustrate a direct computation of a canonical Tutte 
polynomial Q:(a, b). 

Example 1. Let W be the Hopf algebra of formal Z-linear combinations of graphs considered up 
to the one point join operation and isomorphism, with multiplication given by disjoint union, and 
coproduct given A(G) = Yage{g) G\A'^ © G/A. Let 5a = xi5b + X25i and db = yi5b + 2 / 2 ^;, where 
5b and 5i are given by ([2^ . Then 

A (A) = .'.©A + 3/.©^+3A® 0 + A® • > 

so 


a(a,b) (A) = exp^(4)*exp^((5b) (A) = exp*((Ia) (. ‘ .)-exp^((Ib) (A)+3exp^((5a) (/ .)-exp^((5b) (^^^) 

+ 3exp^(5a) (A) • exp^((ib) ( 0 ) + exp^(5a) (A) ' exp^((ib) ( • ) • 

Now exp^((5a) (.'.) = 1- The only non-zero terms of exp^((5b) (A) come from the terms of A^^) 
in which all tensor factors are in Hf. Direct computation gives A^^^ (A) = © A) o A = 
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••• + 6/,(8>/’<8> 0 + ••• where no other summands are in . 

By computing the other exponentials similarly we see that a(a, b)(A) 

+ I; 




ML 

Xl 


^ + 1 ). 
y 2 ' 


Thus exp^((5b) (A) = ViV^- 
= yjy2 + 3xiyiy2 + 3a:|y2 + 


3.3. The Tutte polynomial of a morphism of a matroid. A matroid perspective, denoted M 
or M —>■ M', is a pair of matroids M = {E,r) and M' = {E,r') such that for all A C B C 
r{B) — r{A) > r'{B) — r'{A). We call E the ground set of M. We identify a matroid perspective 
with its isomorphism class. Some easy consequences of the dehnition of M are that a loop of M is 
a loop of M', and that a coloop of M' is a coloop of M. 

As defined by Las Vergnas in |35[ 136] . the Tutte polynomial of the matroid perspective M = 
M M' is 


(32) 


Tm{x,y,z) = ^ (x - 

ALE 


Deletion, contraction, and restriction for a matroid perspective M —)• M' are induced by deletion 
and contraction for matroids; for ATE, (M -A M')\A := M\A -A- M'\A, (M — )• M'^jA := 
MjA -A M'/A and (M —)• M')\a '■= M\a —)• M'\a- The direct sum of two matroid perspectives is 
defined by taking the direct sums of the matroids in the two pairs in the natural way. 

The following lemma is easily seen to hold. 


Lemma 4. The set of isomorphism classes of matroid perspectives forms a minors system where 
the grading is given by the cardinality of the ground set, deletion and contraction are given by 
matroid perspective deletion and contraction, and multiplication is given by direct sum. 


Definition 6. We let denote the combinatorial Hopf algebra associated with matroid per¬ 
spectives via Proposition [TJ Its coproduct is given by Amp(M) = ® M/A, where 

M = M —>■ M', E its ground set, and the deletion and contraction are the usual matroid perspec¬ 
tive deletion and contraction. 


We will show that Las Vergnas’ Tutte polynomial of a matroid perspective is the canonical Tutte 
polynomial of . 

Up to isomorphism, there are exactly three matroid perspective over one element: Uqa b^o,i) 
Ui,i —>• UiA, and Uip —)■ Uqa- Set 


5cc(M) : = 



if M = UiA UiA 
otherwise 


4(M) ; = 



if M = Uo,i ^ Uqa 
otherwise 


6cl{M) : = 



if M = UiA Uqa 
otherwise 


(The subscripts of the 5’s 


record, in order, if each matroid in M forms a loop or a coloop.) 


(33) 


( 5 a = 6{xi,X 2,X3) := Xi6cc + X26 u + XqScI. 


Theorem 5. Las Vergnas’ Tutte polynomial of a matroid perspective arises as the canonical Tutte 
polynomial of the combinatorial Hopf algebra : 


(34) 


a(a,b)(M) = f ^ + 1, ^ + 1, 


Xl 


y2 


X 3 


where a = {xi,X 2 ,X 3 ), b = {yi,y 2 -,yz), o,f^d E is the ground set of the matroid perspective M = 
AI -A M', r is the rank function of M, and r' the rank function of M'. 
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Proof. Setri(M) := r'(M'), r 2 (M) := |£'|—r(M), and r 3 (M) := r(M) —r'(M'). From (l23t) we have 
ri(M) = ri(M/e) + l, if 5ec(M|e) = 1; r 2 (M) = r 2 (M/e) + l, if 4(M|e) = 1; rgCM) = r 3 (M/e) + l, 
if (5cz(M|e) = 1; and otherwise r’j(M) = rj(M/e). An application of Theorem [1] then gives 


a(a, b)(M) 


r'{M') \E\-r{M) r{M)-r'{M') 

yi y2 i/s 



r{A)—r' (A) 


which, remembering the definition of Tm from (|32p . is readily written as (P|). 


□ 


Corollary 3. With Q:(a,b) defined as in Theoreml^ 

(35) Tm^m' ix,y,z) = a{a., b) (M M') 

where a = (1, y — 1,1), b = (x — 1,1, z). 


The following corollary provides a good illustration of how Hopf algebra maps give rise to rela¬ 
tionships between polynomials. The following identities for the the Tutte polynomial of matroid 
perspectives first appeared in [36]. 

Corollary 4. Let LL^p be the Hopf algebra of matroid perspeetives from Definition 0 and HL^ he 
the Hopf algebra of matroids from Definition\^ Then the following hold. 

(1) The inelusion (fi : H^ -A Ti^P defined by 4>i{M) = (M —>• M) is a Hopf algebra morphism. 
Furthermore it naturally induces the identity TM{x,y) = TM^M{x,y, z). 

(2) The projection 4>2 '■ H^^ -A "H™ defined by 02(Af —)■ M') = M is a Hopf algebra morphism. 
Furthermore it naturally induces the identity TM{x,y) = TM^M'ix,y,x — 1). 

(3) The projection 03 : ji'^P —)• j-L^ defined by 03(M —)■ M') = M' is a Hopf algebra morphism. 
Furthermore it naturally induces the identity Tm fix, y) = {y—lY^^^~'’^^''^TM^Mfix,y, l/(y— 
!))• 


Proof. It is readily verified that each of the three maps is a Hopf algebra morphism. To obtain the 
polynomial identities we apply Theorem [2] to Theorems [3] and El 

For 01, in Theorem [2] let H = H^, H' = 5u be the selector used in Theorem El and S'n' 
be the selector used in Theorem El We then have 5 '^{xi,X 2 ){M) = 5 y,{xi,X 2 ,xfi){M -A M). By 
Theorem [21 it follows that 


0iH{xi,X2,yi,y2){M) = a^/(xi,X2,xg,yi,y2,2/3)(A/ M). 

Theorems El and El give 


r{M) \E\-r(M) 
Xi y2 


Tm 


^ + 1,^ + 1 


Xl 


1/2 


= X 


r(M) \E\-r{M) r{M)-r{M) 


¥2 


Xn 


jrp 


^ + 1,^ + 1,^ 

Xl y2 X3 


from which the result follows. 

For 02, in Theorem El let H = H' = H^, be the selector used in Theorem El and <5^/ 
be the selector used in Theorem El We then have 6 n{xi,X 2 ,xi){M -A M') = 6 n{xi,X 2 ){M). By 
Theorem El it follows that 


0 !nixi,X 2 ,xi,yi,y 2 ,yi){M M') = aufixi,X 2 ,yi,y 2 ){M). 
Theorems El and El give 


Xl y2 X]^ Im^m' 


^ + 1,^ + 1,^ 

Xl y2 Xl 


= X 


r(M) \E\-r{M) 


1 


¥2 


Tm 


Xl y2 


from which the result follows. 


13 



^ n 

U_LL 

u 


(a) G C E. 




p 

ly 



j 

(b) G/e C E/e. 



(c) Resolving the pinch point. 


Figure 1. Actions on graphs in a pseudo-surface. 


The argument for is similar. In Theorem[2]let T-L = Ti' = 'H™', S-}{ be the selector used in 
Theorem [5l and <5-^' be the selector used in Theorem[3l We then have X 2 ,X 2 )(M —)• M') = 

5 'h{xi,X2 ){M'). By Theorem[2j it follows that 

oi'H{xi,X2,X2,yi,y2,y2){M M') = X2,yi,y2)(M'). 

Theorems [3] and [S] give 


r'{M') \E\-r{M) r{M)-r' 

Xi ^2 ■^2 


(M')r 


^M^M' 




Xl 


y 2 


X 2 


_ r{M') \E\-r{M') 


= X 


y 2 


’Tm' 


Xl y2 


and the result follows. 


□ 


3.4. Las Vergnas’ topological Tutte polynomial. Here a graph in a pseudo-surface, G C S, 
consists of a graph G = (F, E) and a drawing of G on a pseudo-surface S (i.e., a surface with pinch 
points, also known as a pinched surface) such that the edges only intersect at their ends and such 
that any pinch points are vertices of the graph. Graphs in pseudo-surfaces are considered up to 
homeomorphism of the pseudo-surface that restricts to graph isomorphism (the homeomorphism 
should be orientation preserving when S is orientable). The components of S\G are called the 
regions of G, and G C B is a cellularly embedded graph if B is a surface (so there are no pinch 
points) and each of its regions is homeomorphic to a disc. 

We define 


(36) 


n{A) := ffcpts{Y\{y U A)) — ffcpts{Yi\y). 


Let G C B be a graph in a pseudo-surface, and e G E{G). Then we say that e is a quasi¬ 
loop if K{e) = 1, a quasi-bridge if it is adjacent to exactly one region of G C B, and a bridge 
(respectively, loop) if its a bridge (respectively, loop) of the underlying graph G. Note that a 
quasi-loop is necessarily a loop; a bridge is necessarily a quasi-bridge; and a quasi-bridge could be 
a loop, a bridge, or neither. If e G E{G) then G\e C B is the graph in a pseudo-surface obtained 
by removing the edge e from the drawing of G C B (without removing the points of e from B, 
or its incident vertices). Edge contraction is defined by forming a quotient space of the surface: 
G/e C B/e is the graph in a pseudo-surface obtained by identifying the edge e to a point. This 
point becomes a vertex of G/e. If e is a loop, then contraction can create pinch points with the 


new vertex lying on it (see Figure 1(a) - 1(b)). 

The dual, G*, of a graph in a pseudo-surface G C B is the abstract graph with vertex set corre¬ 
sponding to the regions of B\G and an edge between (not necessarily distinct) vertices whenever 
the corresponding regions share an edge of G on their boundaries. There is natural identification 
between the edges of G* and G. 

If G is a graph, its cycle matroid is G(G) := {E{G),rc[G))^ where rc[G){-^) ■= x{A) — c{A); and 
its bond matroid is B{G) := (G(G))*. It is worth emphasising that although when G is a plane 
graph (i.e., a graph cellularly embedded a sphere) B{G*) = (G(G*))* = G((G*)*) = G(G), this 
does not hold in, in general, for non-plane graphs. 
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When G C S is a graph in a pseudo-surface {B{G*) —)• C{G)) is a matroid perspective (see 
[26l[33]). Its Las Vergnas polynomial, Lgcs, is then defined by 

(37) LGc.T.[x,y,z) ■.= Ti^B{G*)^c(G)){x,y,z) 

In [26] it was shown that when G C S is a graph in the pseudo-surface and A C E{G), then 

(38) t'b{g*){^) = \^\ - k{A). 

Then writing k{G) for k{E) and using (1381) 

(39) LGG^{x,y,z) =J2{x- - l)^(^)2[«(G)-«(G)]-[n(yl)-K(A)]_ 

AGE 

We will show that the Las Vergnas polynomial is the canonical Tutte polynomial associated with 
graphs in pseudo-surfaces and their minors. We will state the result before describing the relevant 
Hopf algebra Lips, and selectors. 

Theorem 6. The Las Vergnas polynomial is the canonieal Tutte polynomial of the eombinatorial 
Hopf algebra Tips associated with pseudo-surfaee minors: 

(40) a(a, b)(G) = LgM^^ + 1, f + 1, ||) 

where a = {xi,X 2 ,xy), b = {yi,y 2 ,y 3 )- 

We will prove the theorem after describing the Hopf algebra . 

There are infinitely many edgeless graphs in pseudo-surfaces so, as with graphs, we need to 
consider a quotient space of graphs in pseudo-surfaces in order to obtain a minors system. 

Definition 7. We will say that two graphs in pseudo-surfaces Gi C Si and Gk C S^ are LV- 
equivalent if there is a sequence of graphs in pseudo-surfaces Gi C Si, G 2 C S 2 , ..., Gfc C S^ such 
that Gi C Sj is obtained from Gj_i C Sj_i, or vice versa, by one of the following moves. 

(1) Deleting an isolated vertex, that is not a pinch point, from a graph. 

(2) Deleting a component of the pseudo-surface that contains no edges of the graph. 

(3) Connect summing two pseudo-surface components (away from any graph components), or 
identifying a vertex in each of them to form a pinch point. 

(4) Replacing a region, with another pseudo-surface with boundary (so that it forms a region 
of a new graph in a pseudo-surface). 

It is clear that LV-equivalence gives rise to an equivalence relation, and we let denote the set 
of all equivalence classes of graphs in pseudo-surfaces considered up to LV-equivalence. It is easily 
seen that forms a minors system: 

Lemma 5. The set forms a minors system where the grading is given by the cardinality of 
the edge set, deletion and contraction are given by pseudo-surface deletion and contraction, and 
multiplication is given by disjoint union. 

Definition 8. We let denote the combinatorial Hopf algebra associated with via LemmaO 
Proposition [U Its coproduct is given by 

Ap,(G c S) = ^ {G\A^ C S) ® {G/A c E/A), 

AGE 

where pseudo-surface deletion and contraction are used. 

Lemma 6. There is a natural Hopf algebra morphism </) : H^^ -A- TL'^p given by (f : G ^ M(G), 
where M(G) is the matroid perspective {B{G*) -A G(G)). 
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Proof. First observe that if G C S and H C Ti' are related by LV-equivalence then, up to the 
numbers of isolated vertices, their underlying graphs G and H, and also the dual graphs G* and 
H*, have the same maximal 2-connected components. Thus M{G) = M{H), and M{G*) = 

It follows that M(G) = M(FI), and so is well-defined. It is easily seen that cf is multiplicative, 
and send the (co)unit to the (co)unit. For the coproduct, in Section 4.2 of [2^ it was shown that 
M(G C S)/A = M.{G/A C Y./A) and M(G C S)\^ = M(G\^ C S). Using this we have 

M(Ap,(G c S)) = ^ M(G\^^ C S) ® m{G/A c S/A) 

A<ZE 

= M(G C S)\A= ® M(G C S)/A 

A<ZE 

= Ap,(M(G C S)). 

□ 


We now determine the Tutte polynomial of the Hopf algebra . 

Lemma 7. has a basis consisting of exactly three elements represented by 

(1) a 1 -path in the sphere, 

(2) a loop in the sphere, 

(3) a loop that forms the meridian of a torus. 


Proof. Let G C S be a graph in a pseudo-surface with exactly one edge e. This edge is either a 
bridge, a loop that is a quasi-loop, or a loop that is a quasi-bridge. In all three cases, resolve each 
pinch point as in Figures 1(b)-1(c), delete any isolated vertices, then remove any empty surface 


components. If e is a bridge then the resulting graph in a pseudo-surface has exactly one region 
which can be replaced with a disc to give a 1-path in the sphere. If e is a loop that is a quasi-loop 
then there are two regions each of which can be replaced with a disc to give a loop in the sphere. 
Finally, if e is a loop that is a quasi-bridge then there is one region with two boundary components. 
The region can be replaced with an annulus to give a loop that forms the meridian of a torus. □ 


We identify a graph in a pseudo-surface with its LV-equivalence class. To define a selector, we 
set 


Then we set 
(41) 


Sbr{G C S) 

Sgl{G C S) 
Sgb{G C S) 



if G C S is a 1-path in the sphere 
otherwise 

if G C S is a loop in the sphere 
otherwise 


if G C S is a loop that is a meridian of a torus 
otherwise 


(I(s,a) = 6 {xi,X 2 ,X 3 ) := xi 6 cc + X 2611 + x^Sd. 


Proof of Theoreml^ Upon verifying that 5{G C S) = (5'(M(G C S)), where 6 is from Equation (j4ip 
and 6 ' is from Equation (j33p , the result follows by applying from Theorems [2] and [5] using the Hopf 
algebra morphism from Lemma[6]then reinterpreting the matroid parameters of Theorem[5]in terms 
of graphs in pseudo-surfaces. □ 


Analogously to Corollary SJ identities between the Tutte polynomial of a graph and the Las Ver- 
gans polynomial an be seen to be consequences of Hopf algebra maps. 
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Corollary 5. Let TiP^ he the Hopf algebra of graphs in pseudo surfaces from Definition\^ and LL^ 
he the Hopf algebra of graphs from Definition\^ Furthermore letHP^ he the Hopf subalgebra ofH^^ 
generated by plane graphs. Then the following hold. 

(1) The projection (pi : H^^ H^ that takes a graph in a pseudo-surface to its underlying graph 
is a Hopf algebra morphism. Furthermore it naturally induces the identity that for a plane 
graph G, Ta{x,y) = Lc^^ 2 {x,y, z). 

(2) The projection (p 2 : H^^ —)• H^ defined by (p 2 {G C T) = G is a Hopf algebra morphism. 

Furthermore it naturally induces the identity Tcix^y) = (y — LGc.T,{x.,y, l/(y — 

!))• 


Proof. It is readily verified that each of the three maps is a Hopf algebra morphism. To obtain the 
polynomial identities we apply Theorem [2] to Theorems 0] and [6l 

For (pi, in Theorem [2] let H = H^^, H' = W, 5n be the selector used in Theorem [6l and 
be the selector used in Theorem 01 Since 6qi,{G C M^) is always zero, we have 5'ii{xi,X2,x^){G C 
M^) = 5 '}ii{xi,X 2 ){G). By Theorems [2l 0] and 0 


AG) 


\E{G)\-r{G) 

y2 


Tg{^ 


XI 


+ 1,^ 

’ S/2 


_ r{G) k{G) n{G)-K{G) 


+ 1 ) = xT>yl 


L 


GcR2 


(^ + 1, 

' xi ’ 


+ 1,^) 

’ X3 / 


from which the result follows. This argument holds if G C B is, more generally, in H^^. 

For (p 2 , in Theorem [2] let H = H^^, H' = W, 5n be the selector used in Theorem [H and (5-^/ be the 
selector used in Theorem 01 We have 5 'n{xi,X 2 ,X 2 ){G C B) = X 2 )(G) (since d'n{xi,X 2 ,X 2 ) 

no longer distinguishes how a loop lies in the pseudo-surface). By Theorems [2101 and El 


r(G) \E{G)\-r{G) 
Xl ^2 


TG(t + l,t + l) 


= X 


r{G) k{G) n{G)-K{G) 


1 


2/2 


-^GCR2(|7 + if) 


2/2 


X2 ' 


from which the result follows. 


□ 


3.5. Delta-matroids and the Bollobas-Riordan polynomial. Delta-matroids, introduced by 
A. Bouchet in [8], are a generalisation of matroids . A delta-matroid D = {E,T) consists of a 
set E and a non-empty collection T subsets of E that satisfies the Symmetric Exchange Axiom: 
for all X,Y G T", if there is an element u G XAY, then there is an element v G XAY such 
that XA{u,v} G E. Elements of E called feasible sets and E is the ground set. For sets X and 
Y, XAY := [X U Y)\{X n Y) is their symmetric difference. A delta-matroid is a matroid if its 
feasible sets of a delta-matroid are equicardinal (since the its definition then coincides with the 
basis definition of a matroid.) 

For operations on a single element set we often omit the set brackets, for example, writing E\e 
forE \ {e}, or F U e for F U {e}. 

For a delta-matroid D = (F, E), and e G F, if e is in every feasible set of D then we say that e is 
a coloop of D. If e is in no feasible set of D, then we say that e is a loop of D. Suppose e G F. If e is 
not a coloop, then we define D delete e, written D\e, to be (F\e, {F | F G F and EYE — e}). If 
e is not a loop, then we define D contract e, written D je, to be (F \ e, {F \ e | F G F and e G F}). 
If e is a loop or coloop, then D/e := D\e. Both D\e and F/e are delta-matroids (see [7]). If F' 
is a delta-matroid obtained from F by a sequence of edge deletions and edge contractions, then D' 
is independent of the order of the deletions and contractions used in its construction (see H)- The 
restriction of F to a subset A of F, written D\a, is equal to D\{E\A). 

Following m, the direct sum of delta-matroids Fi = (Fi,Fi) and F 2 = (F 2 ,F 2 ), with FinF 2 = 
0, is the delta-matroid Fi 0 F 2 := (Fi U F 2 , {Fi U F 2 | Fi G Fi and F 2 G F 2 }). 

Twists are one of the fundamental operations in delta-matroid theory. Let F = (F, F) be a delta- 
matroid and Aye. The twist of F = (F,F) with respect to A is F * A := (F, {AAX | X G F}). 
The dual of F, written D*, is equal to F * F. The twist of a delta-matroid is a delta-matroid (see 
0). 
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The feasible sets of a delta-matroid D = {E,T) are graded by their cardinality. Let Tmax{D) 
and J^min(L*) be the set of feasible sets of maximum and minimum cardinality, respectively. We will 
usually omit D when the context is clear. If the sets in Tmin (respectively, J^max) are of cardinality 
m and k gN, then Fra\n+k (respectively, T'max+fc) denotes the set of feasible sets in T of cardinality 
m + k. 

Let L>max := (-S’, Jmax) and Dmin := {E,Frnin)- Then Dmax is the upper matroid and Dmin is 
the lower matroid for D, defined by Bouchet in [9]. It is straight-forward to show that the upper 
matroid and the lower matroid are indeed matroids. Let r^ax and rmin, respectively, denote the 
rank functions of these two matroids. We define a delta-matorid “rank” function 

p{D) := ^(rmax(T)) +rm_in{D)), 

and for A E, 

piA) := p{D\A^). 

Observe that if L) is a matroid then Dmax = D^[j^ and so p is precisely the rank function of the 
matroid D. It is important to notice that in general Pd{^) / Drns.x{-^) + rDniin(^))- 
Defined in m, the (2-variable) Bollobds-Riordan polynomial, RD{x,y) is 

(42) RD{x,y) := 

AQE 

Note that (I42jl is obtained by replacing r for p in the definition of the Tutte polynomial. It is 
the extension of the 2-variable version of Bollobas and Riordan’s ribbon graph polynomial 
to delta-matroids. Just as the classical Tutte polynomial of a graph G is properly a polynomial 
of its cycle matroid C{G), in |16] it was shown that the Bollobas and Riordan’s ribbon graph 
polynomial is properly a polynomial of the delta-matroid D{G) of a ribbon graph G (this is defined 
in Section [3.61 belowl. In terms of delta-matroids the (3-variable) Bollobas-Riordan polynomial is 


Rd{x, y,z)= V (x - 


A<ZE 


dA)y\A-rn 


^(A)^w{A) 


where the width, w{A), is the difference in cardinality of a maximal and minimal feasible set in the 
delta-matroid D\a. We then have that 

Rd{x + l,y + l) = x'^^^^/‘^Rd{x + l,y, Ij^/xy). 

We will show that 2-variable Bollobas-Riordan polynomial is the canonical Tutte polynomial of 
delta-matroids with their usual deletion and contraction. 

The following result is easily verified. 


Lemma 8. The set of isomorphism classes of delta-matroids form a minors system where the 
grading is given by the cardinality of the ground set, deletion and contraction are given by delta- 
matroid deletion and contraction, and multiplication is given by direct sum. 


For convenience we will henceforth identify a delta-matroid with its isomorphism class. 

Definition 9. We let denote the combinatorial Hopf algebra associated with delta-matroids 
via Lemma[8]and Proposition [TJ Its coproduct is given by Adm{D) = '^acie D\A^ ® D/A, where 
D = {E, F) is a delta-matroid and the deletion and contraction are delta-matroid deletion and 
contraction. 


Up to isomorphism, there are exactly three delta-matroids over one element: Dc := ({e}, {{e}}). 
Do ■■= ({e},{0}), and := ({e}, {0, {e}}). Accordingly, set 


(43) 


4 ( 0 ) := {; 


AD = Do 
otherwise ’ 


4(0) := {J 
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AD = Do 
otherwise ’ 


4 ( 0 ) := |( 


if O = 0„ 
otherwise ’ 


(Using notation defined after the statement of Theorem [7] below, the subscripts of the (i’s record, 
in order, if each delta-matroids is a coloop, orientable ribbon-loop, or non-orientable ribbon-loop.) 
We set 

(44) (5a = 5 ( 01 , 02 , 03 ) := Oi5b-b 02^0 + OS^n- 
Then the Tutte polynomial of is defined by 

(45) a{s, a, b) := exp^((5(s, a)) * exp^((5(s, b)). 

For a canonical Tutte polynomial we require that 5a is uniform. By applying (5 0 5 to A{D), 
where D is over E = {e, /} and has feasible sets 0, {e}, and {e, /}, it is seen that 5a is uniform only 
if 03 = y/aia 2 - Thus the Tutte polynomial of a delta-matroid will be a 2-variable polynomial, rather 
than a 3-variable polynomial (which is perhaps unexpected given that there are three delta-matroids 
of graded dimension 1 ). 

Theorem 7. The 2-variable Bollobds-Riordan polynomial arises as the canonieal Tutte polynomial 
of the combinatorial Hopf algebra TL'^^: 

(46) Q;(a, h){D) = Rd (— -b 1 , — -b iV 

\xi y2 J 

where a= {xi,X 2 , ^x\X 2 ), b = {yi,y 2 , ^/yly 2 ), o,nd E is the ground set of the delta-matroid D. 

The proof of Theorem [7] is similar in structure to that of Theorem [5l and will follow from a 
sequence of lemmas. 

It is convenient for us to relate i4|e to the element e of D. For this we need a little additional 
notation. Let D = {E,E) be a delta-matroid, and e G E. Then e is a ribbon loop if e is a loop 
in Drain- A ribbon loop e is is orientable if e is not a loop in {D * e)min) and is non-orientable 
if e is a loop in {D * e)min- (We remark that, just as matroid terminology often follows graph 
terminology, this delta-matroid terminology arises from the connection between delta-matroids 
and ribbon graphs, as discussed in Section 13.61 below.) Note that it can be determined if e is a 
(orientable/non-orientable) ribbon loop by looking for its membership in sets in F mw and F mw +1 ■ 

Lemma 9. Let D = {E,E) he a delta-matroid, and e € E. Then e is not a ribbon loop (is an 
orientable ribbon loop, is a non-orientable ribbon loop, respectively) if and only if D\f> is isomorphic 
to Dc (Do, Dn, respectively.) 

Proof. Let f & E with / 7 ^ e. We start by showing that e is a ribbon loop in D if and only if it 
is a ribbon loop in D\f. This is easily seen to be true if / is a coloop, so suppose it is not. Then 
there is some Z G E with f ^ Z. 

Suppose that e is not a ribbon loop. Then there is some X G E{D)min with e G X. We show 
there is some Y G D(D)min such that e G Y but f ^ Y. From this it immediately follows that 
e G Y G E{D\f )min and so e is not a ribbon loop in D\f. To construct Y, if f ^ X take Y = X, 
otherwise f G X and so f G XAZ, where Z is as above. The Symmetric Exchange Axiom gives 
that there is some XA{f,u} G T. By the minimality of u / e and XA{f,u} G E{D)rain- Take 
Y = XA{f,u}. It follows that e is not a ribbon loop in D\f. 

For the converse suppose that e is a ribbon loop. Then e is not in any feasible set in E{D)jam- 
To show that e is not in any feasible set in E{D\f)^i^ it is enough to show that there is some set 
in D(D)min that does not contain /. Choose X G E{D)ram- If f ^ X we are done, otherwise we 
have f G X G E{D)j,ain- Then / G XAZ, and the Symmetric Exchange Axiom gives that there 
is some XA{f,u} G T. The minimality of X gives that / ^ XA{f,u} G E{D)ram- This is the 
required set. Thus e is a ribbon loop in D\f. 
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We have just shown that e is a ribbon loop in D if and only if it is one in D\f. Next we show 
that a ribbon loop e is orientable in D if and only if it is orientable in D\f. Again this is easily 
seen to be true if / is a coloop, so suppose it is not. Then there is some Z ^ F with f ^ Z. 

If e is a non-orientable ribbon loop, then there is some X G T’(Z))jnin+i with e G A. We show 
there is some Y G J-'(T>)niin+i with e G T and f . We have seen above (in the argument that 
if e is a ribbon loop in D then it is one in D\f) that there is there is a set in T G F{D)adn not 
containing / and no sets in A'(Z))min contain e, it follows that e is a non-orientable ribbon loop 
in F{D\f). To construct Y, if f ^ X take Y = X, otherwise f £ X and so / G XAZ, where 
Z is as above. The Symmetric Exchange Axiom gives that there is some XA{f,u} G F. The set 
XA{f,u} must be in F{D)^i^ or but since it contains e it must be in T'(T))nim+i- 

Thus taking Y = XA{f,u} gives the required set. 

Conversely, if e is an orientable ribbon loop, then no element of A(Z))min or T'(T>)niin-i-i contains 
e. We have seen above (in the argument that if e is a ribbon loop in D then it is one in D\f) 
that there is a set in F{D)ram that does not contain /. It follows that no element of A'(T>\/)min or 
J-'(D\/)niin+i will contain e, so e is an orientable ribbon loop of D\f. Thus we have shown that a 
ribbon loop e is orientable in D if and only if it is orientable in D\f. 

Finally, since e is not a ribbon loop (an orientable ribbon loop, a non-orientable ribbon loop, 
respectively) in D if and only if it is one in D\f, the result stated in the lemma follows by deleting 
the edges in E\e one at a time. □ 


Lemma 10. Let D = {E,F) be a delta-matroid, and e £ E. Then 


P{D) 


' p{D/e) + 1 
< piD/e) 
^p{D/e) + i 


if e is not a ribbon loop, 

if e is an orientable ribbon loop, 

if e is a non-orientable ribbon loop 


Proof. We prove the lemma by computing r rr ,^^(D) and r m^n fT)), which, respectively, equal the 
maximum and minimum cardinalities of the feasible sets in F{D). 

First suppose that e is not a ribbon loop, so e is in some feasible set in T'(ZI)min- Since e is not 
a loop, F{Dje) = {A\e \ X £ F and e G X} and it follows r m\n {D/e) = r^\^{D) — I. For r ma v, we 
first show that e appears in some element of T'(Zl)max- Let X £ T'(T>)max- If e G A we are done, 
otherwise choose some Y £ F{D) that contains e (this exists since e is not a ribbon loop). Then 
e G AAA and so the Symmetric Exchange Axiom gives AA{e,tt} G F{D). By the maximality of 
A, we have AA{e, u} G A(Z))max and so e appears in some element of F{D)^s.^. It then follows 
from the definition of contraction that rmax(L>/e) = rmax(L*) — 1 (observe that this argument holds 
as long as e is not a loop. We will use this fact below.). Thus p{D) — 2 ^^ma.xi.Ld') T ^min(Ll)) — 
^(r-max(L)/e) -k rmin(T>/e) -k 2) = p{D/e). 

Next suppose that e is a non-orientable ribbon loop. In particular, e is not a loop. We have e is 
not in any element of J-'(D)min nor any element of F{D * e)min- It is not hard to see that the latter 
implies that e is in some element of A(D)min+i. Then, since F{Dje) = {A\e | A G A and e G A}, 
it follows that r^\^{D/e) = r m\X D). The identity rmax(L>/e) = rmax(L>) — 1 follows as in the 
case of when e is not a ribbon loop above. Thus we have that p{D) = ^(rmax(L>) -k ?'min(L>)) = 
^(?’max(L>/e) -k rmm(L>/e) -k 1) = p{D/e) -k 

Finally suppose that e is an orientable ribbon loop. If e is a loop then F{D) = F{Dfe) and 
so p{D) = i(rmax(L>) -k rrain{D)) = |(r’max(L)/e) -k rmin(L>/e)) = p{D/e). Now suppose that e 
is not a loop. Since e is an orientable ribbon loop, e is not in any element of A(A)min but is in 
some element of F{D * e)niin- It is not hard to see that the latter implies that e is not in any 
element of A(A)min+i- We show that e is in some element of F{D)^\a+2, from which it follows 
immediately from the dehnition of FifDje') that r.arm[L) je) = rmin{D) + 1. Choose A G A(T))min 
and a feasible set Y £ F{D) that contains e. Since e ^ A, the Symmetric Exchange Axiom gives 
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that XA{e,u} G T. By the minimality of X and since no set in J^(-D)min or contains 

e it follows that XA{e,u} G J^(D)min +2 and contains e. The identity r^axiD/e) = r max iP) — 1 
again follows as in the case of when e is not a ribbon loop above. Thus, by the definition of p, we 
have that p{D) = i(rmax(T>) + rmin(T>)) = ^(rmax(T>/e) + 1 + rmin(-D/e) - 1) = pipje). □ 

Observe that this proof gives that r max iP/e) = rmax(Tl) —1 when e is not a loop, and r^ax{P/e) = 
i"max{P) when it is. We will use this observation in Section [331 

Proof of Theorem\^ Applying Theorem [T] with ri(A) := p{A), and r 2 (A) := |A| — p{A) (so via 




Lemmas 0 and [10] ai = a 2 = 03 = 

a(a,b)(D) = ^ 


1/2 1 / 2 , 




ACE 


_ PD) \E\-p{D) 
— Xi ^2 


E 

ACE 


^ 1 

yi) 

XlJ 


gives 

pA) 


(S 


|A|-p(A) 


p(D)-p{A) 


2 / 2 / 


|A|-p(A) 


from which the result follows. 


□ 


We can use Hopf algebra mappings to show that the 2-variable Bollobas-Riordan polynomial, 
RD{x,y), extends the Tutte polynomial from matroids to delta-matroids. 

Corollary 6. Let be the Hopf algebra of delta-matroids from Pefinition 0 and TP he the 
Hopf algebra of matroids from Pefinition Then the inclusion f : H^ —)• is a Hopf algebra 

morphism. Furthermore it naturally induces the identity Tjvf(x,y) = RD{x,y). 


Proof. That the map is a Hopf algebra morphism follows readily from the fact that delta-matroids 
restrict to matroids in a way compatible with the standard constructions of deletion, contraction, 
etc. (recall a matroid is a delta-matroid). 

In Theorem [2] let = "H”*, H' = d-p be the selector used in Theorem [3l and dp/ be 

the selector used in Theorem [3 Then since matroids are closed under deletion and contraction 
and Pn is not a matroid, Pn will never appear as a term in d^{M). Therefore dp{xi, X 2 ){M) = 
dp'{xi,X 2 , y/xiX 2 ){M). By Theorem[2l it follows that 

aH{xi,X2,yi,y2){XI) = q;^/(xi,X2, ^/iix^,yi,y2, v^yiy2)(M). 

Theorems [3] and 0 give 




-hi,-h 1 = Xi 

xi y2 ' 


piM)y\E\-piM)j^^ 


Vl Xo 

— + 1 , — + 1 
xi y 2 


from which the result follows upon noting that if M is a matroid, r{M) = p{M). 


□ 


3.6. Bollobas and Riordan’s ribbon graph polynomial. In Section [3.51 we saw the Bollobas 
and Riordan polynomial described in terms of delta-matroids. Its ribbon graph formulation is more 
common. (The connection between the delta-matroid and ribbon graph versions of the Bollobas 
and Riordan polynomial is analogous to the connection between the matroid and graph versions of 
the classical Tutte polynomial.) This section and the next examines how the Bollobas and Riordan 
polynomial arises as the canonical Tutte polynomials of a Hopf algebra associated with ribbon 
graphs. 

A ribbon graph G = {V{G),E[G)) is a surface with boundary, represented as the union of two 
sets of discs: a set V{G) of vertices and a set of edges E{G) with the following properties. 

(1) The vertices and edges intersect in disjoint line segments; 

( 2 ) each such line segment lies on the boundary of precisely one vertex and precisely one edge; 

(3) every edge contains exactly two such line segments. 
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Table 2. Contracting an edge of a ribbon graph. 


It is well-known that ribbon graphs are equivalent to cellularly embedded graphs (see for example 
[ 22 ], or |28j where they are called reduced band decompositions) and so are the main object of 
study in topological graph theory. We use standard ribbon graph terminology (see, e.g., [ 22 ]). A 
ribbon graph G = {V, E) is orientable if it is an orientable surface, and is non-orientable otherwise. 
We set e{G) := \E\, v{G) := |y|, c{G) to be is its number of components, f{G) its number 
of boundary components, and 7 (G) its Euler genus (which is twice its genus if it is orientable 
and its genus if it is not). The rank of G is r{G) := v{G) — c{G). Euler’s formula gives that 
v{G) — e{A) + f{A) = 2 c(A) — 7 (A). Two ribbon graphs are isomorphic if there is a homeomorphism 
(which should be orientation preserving if the ribbon graphs are orientable) from one to the other 
that preserves the vertex-edge structure, adjacency structure, and cyclic ordering of the half-edges 
at each vertex (i.e., if they describe equivalent cellularly embedded graphs). 

For deletion and contraction, if A C E, then G\A is the ribbon subgraph of G obtained by 
deleting the edges in A. The spanning subgraph of G on A is {V, A) = G\A'^, where A'^ := E\A. 
For A E E, e(A), v{A), /(A), 7 (A) etc. each refer to the spanning subgraph on A. 

Ribbon graph contraction is defined as follows (see Section 7 of [5] and also [HIES]). Let u and 
V be the (not necessarily distinct) incident vertices of e. Then G/e is the ribbon graph obtained 
by the following process. Consider the boundary component(s) of e U u U u as curves on G. For 
each resulting curve, attach a disc (which will form a vertex of G/e) by identifying its boundary 
component with the curve. Delete the interior of e U u U u from the resulting complex, to obtain 
a ribbon graph G/e. We say that G/e is obtained from G by contracting e. For A C F, G/A is 
formed by contracting all of the edges in A. The order of contraction does not matter. 

Table [2] shows the contraction of a non-loop edge, a non-orientable loop and an orientable loop 
e of a ribbon graph G. The ribbon graphs are identical outside of the region shown. 

We emphasise that ribbon graph contraction may lead to isolated vertices or additional connected 
components. For example, contracting an orientable loop results in a ribbon graph formed by two 
isolated vertices. This means that ribbon graph minors are incompatible with graph minors (see 
[29] for a discussion of this). 

The Bollobds-Riordan polynomial of [5] is defined as 

RG{x,y,z) := ^(x- 
ACE 

In this section we focus on the 2-variahle Bollobds-Riordan polynomial 

RG{x,y) := (x - 1 )p(G)-p(A)_ i)|A|-p(A)^ 

ACE 

where 

(47) p(^A)-.= ^^i\A\+viA)-f{A)), 

and p{G) := p{E). 
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Note that if G is a plane graph (i.e., is of genus 0), then p{G) = r{G) and Rc{x,y) is the 
classical Tutte polynomial of the underlying graph of G. Euler’s formula can be used to relate the 
two versions of the Bollobas-Riordan polynomial: 

Rcix + 1, y + 1) := x^'^^^'>Rg{x + 1, y, l/y^)- 

As noted above, most results about the Bollobas-Riordan polynomial in the literature are for 
the 2-variable, rather than 3-variable, polynomial. It appears in many results about the ribbon 
graph polynomial, for example in duality relations (see laEalEE]), combinatorial evaluations (see 
M EH) and in connections to knot theory (see for example [151 1191 138]). In addition it has 
a deletion-contraction relation that reduces it to a linear combination of polynomials of edgeless 
ribbon graphs (see |14ll22j b which are easily computed. In contrast, the known deletion-contraction 
reduction for the three-variable polynomial R{G; x, y, z) will only reduce it to a linear combination 
of polynomials of ribbon graphs in which every edge is an orientable loop, and there is not currently 
an efficient method for computing these forms. 

We turn to the Hopf algebra of ribbon graphs. As was the case with graphs, to ensure a single 
element of graded dimension zero in the Hopf algebra we work with equivalence classes of ribbon 
graphs. For this, let G = {V, E) be a ribbon graph, u G R, and P and Q be non-trivial ribbon 
subgraphs of G. Then G is said to be the join of P and Q, written PVQ, ifG = PUQ s-iid 
P n Q = {n} and if there exists an arc on v with the property that all edges of P incident to v 
meet it there, and none of the edges of Q do. Note that the parameters 7 , r, e, and p are invariant 
under joins and disjoint unions (but v and c are not). 

We omit the straight-forward proof of the following lemma. 

Lemma 11. The set of Equivalence classes of ribbon graphs considered up to joins and isomorphism 
forms a minors system where the grading is given by the cardinality of the edge set, deletion and 
contraction are given by ribbon graph deletion and contraction, and multiplication is given by direct 
sum. 


For convenience we often identify a ribbon graph with its equivalence class. 

Definition 10. Let denote the combinatorial Hopf algebra associated with ribbon graphs via 
Lemma fTTl andProposition fTl Its coproduct is given by Arg{G) = Y1acie{g) D\A^ (g) D/A, where 
the deletion and contraction are ribbon graph deletion and contraction. 


Example 2. 



There are exactly three elements of of graded dimension 1. 
(49) 


4(G) 


1 ifG = OA3 
0 otherwise 


UG) 


1 ifG=^ 

0 otherwise 


Accordingly we set 


K{G) 


1 

0 otherwise 


Then 


(50) 4 = (j(ai, 02 , 03 ) := ai4 + 024 + 034- 

Example [2] shows that 4 is not uniform unless 03 = y/oiof- The following theorem will show that 
the converse holds, so 4 is uniform if and only if 03 = y/oiof- 
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Theorem 8. The 2-variable Bollobds-Riordan polynomial arises as the Tutte polynomial of the 
combinatorial Hopf algebra TT^: 


a(a,b)(G) = (« + 1 , + l) , 

y2 ) 

where a = {xi,X 2 ,y/xfxf), b = {yi,y 2 , and E = E{G). 

We proceed as we did in Section 13.21 when we recovered the Tutte polynomial for graphs from 
that for matroids via a Hopf algebra map. A quasi-tree is a ribbon graph with exactly one boundary 
component, so f{G) = 1. Just as the spanning trees in a graph give rise to a graphic matroid, 
the spanning quasi-trees in a ribbon graph give rise to a delta-matroid. If G is a ribbon graph 
let D{G) := {E,E{G)), where E{G) consists of the edge sets of the spanning subgraphs of G that 
restrict to a quasi-tree in each connected component of G, i.e., E{G) := {A \ f{A) = c{G)}. (Note 
that this is just the definition of a graphic matroid, but with quasi-trees replacing trees.) It was 
shown in mm that D{G) is a delta-matroid. 

Lemma 12. There is a natural Hopf algebra morphism (j> : given by tf : G ^ H{G). 

Proof. Since D{G V H) = D{G) 0 D{H), cf is well-defined. It is easily seen that (f is multi¬ 
plicative, and sends the (co)unit to the (co)unit. It was shown in [16] that D{G)/A = D{G/A) 
and DiG)\A = D{G\A), giving D{ArgiG)) = Eace D{G\A<^) 0 D{G/A) = 0 

D{G)/A = Adm{D{G)). □ 

We will use (j) to identify the Tutte polynomial of 

Proof of TheoremlM Upon verifying that 6 b{G) = 6 'f.{D{G)), 6o{G) = 6g{D{G)) and 6 n{G) = 
J(j(C(G)), where the primed J’s are those of Equation (f43l) . Theorems [2] and [7] give 

a(a b)(G) = xPiHG))y\E\-p{DiG)) y- mPD(G)iE)-PD(G)A)^\A\-poiGM) 

where E := E[D[G)). It remains to show that for any 

(51) Pd{g){^) = Pg{A). 

It was shown in P [T 6 ] that D{G)ra\n = C{G) and iJ(G)max = B{G*) = {C{G*))*. Then using the 
rank functions for cycle matroids and dual matroids we get 

2 pDiGM) = 2p{D{G)\A^) 

= rmax(Jl(G)\A‘=) + r^^{D{G)\A^) 

= r^^^{D{G\A^)) + r^^{D{G\A^)) 

= \A\-r{{G\Ar) + r{G\A^) 

= |A| - v{{G\Ay) + c{{G\Ay) 0 u(G\A") - c{G\A^) 

= \A\+v{G\A^)-f{G\A^) 

= MG\A^) 

= ‘2pg{A), 

And the result follows. □ 

Note that in the proof of Theorem [ 8 ] we have shown that 

(52) RGix,y) = Rr,(G)ix,y), 

and that this identity is naturally induced by the Hopf algebra morphism (f of Lemma [T21 
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Corollary 7. 

(53) 


Rg{x, y) = a(l, y - 1, Vy - 1, a; - 1,1, y/x- 1)(G). 

Corollary 8. Lei be the Hopf subalgebra ofTT^ generated by plane graphs (i.e., ribbon graphs 
of genus 0), and be the Hopf algebra of graphs from Definition [31 Then the projection (f : 
piprg fjy setting 4>{G) to be the underlying graph of G is a Hopf algebra morphism. 

Furthermore it naturally induces the identity TG{x,y) = RGix,y). 


Proof. Clearly (p{G\e) = (j){G)\e, for each e G E{G). If e is not a loop then it is also clear that 
(j){G/e) = (p{G)fe. If e is a loop then since G is plane, so there is no cycle G interlacing with e (i.e, 
at the vertex v which meets e, no cycle C appears in the cyclic order eCeG at that vertex). Thus 
Gje = Gi UG 2 = Cl VG 2 , where we have used the fact that elements of H^''3 are considered modulo 
joins. It is then not hard to see that (fifGje) = ()>(Gi V G 2 ) = (f){(G)le. From these observations it 
follows easily that cf is a Hopf algebra morphism. 

To obtain the polynomial identities we apply Theorem [2] to Theorems [8] and jH In Theorem [2] 
let H = H^^, H' = W, d'u be the selector used in Theorem [8l and be the selector used in 
Theorem jH By Theorems [21 El and [H 


x‘ 


fiiG)^\E\-p{G) 


1 


1/2 


Rg 


( 


yi 


\xi 


+1 


y2 


+ 1=^1 


r(<A(G))„Ji?(0(G))|-r(<A(G)) 


¥2 


r^(G)(- + l,- + l). 

^ ^ Xi y2 


Since G is plane, Euler’s formula then gives v{G) — e{G) + f{G) = 2c{G). Substituting for e(G) in 
Equation [371 gives p{G) = r((f>{G)), from which the result follows. □ 


Observe that the mapping 4> of Corollary [7] does not define a Hopf algebra morphism from H"^^ 
to H^. This can be seen by considering Example [2] and the images of the ribbon graph in it under 
(f. 


3.7. The three-variable Bollobas-Riordan polynomial. We have just seen that the 2-variable 
Bollobas-Riordan polynomial, RG{x,y), is the Tutte polynomial associated with ribbon graphs 
and ribbon graph minors. Here we determine the minors system that gives rise to the 3- variable 
Bollobas-Riordan polynomial, RG{x,y,z) = X)ac_b(^ “ i)^(G)-?'(^)y|^|-r(A)^ 7 (A)_ yy-g 
RG{x,y,z) is not associated with ribbon graphs, but rather ribbon graphs whose vertex set has 
been partitioned. 

A vertex partitioned ribbon graph, {G, V) consists of a ribbon graph G = {V, E) and a partition V 
of its vertex set V. Deletion and contraction for vertex partitioned ribbon graphs is defined in the 
natural way. If e G E{G), then deletion is defined by {G,V)\e := {G\e,V). Contraction is defined 
by (G,R)/e := iGle,V'), where the partition V' is induced by V as follows. Suppose e = {u,v) 
and Pu,Pv S R are the blocks containing u and v respectively {u may equal v and the blocks need 
not be distinct). Then V' is obtained from V by removing blocks Pu and Py, and replacing them 
with the block (P„ U Py)\{u,v} U W where W is the set of vertices created by the contraction (so 
w consists of one or two vertices). 

There are two graphs naturally associated with a {G,V). The first is the underlying graph of 
G (which is obtained by “forgetting” the ribbon structure). The second is obtained by identifying 
the vertices in the underlying graph of G that belong to each block of V. We denote this graph by 
G/p. As an example. Figure [2] shows a vertex partitioned ribbon graph {G,V), a minor of it, and 
G/'p. 

We say that {G,V) is a the join of {Gi,Vi) and {G 2 ,V 2 ), written {Gi,Vi) V {G 2 ,V 2 ), if G = 
Gi V G 2 and, for i = 1,2, Vi is the restriction of V to elements in V{Gi). We state the following 
Lemma without proof. 
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Figure 2. A vertex partitioned ribbon graph and associated constructions. The 
letters A, B and C indicate the blocks of the partition. X consists of the edge 
marked d, and Y consists of the edges marked c. 


Lemma 13. The set of equivalence classes of vertex partitioned ribbon graphs considered up to 
joins and isomorphism forms a minors system where the grading is given by the cardinality of the 
edge set, deletion and contraction are given as above, and multiplication is given by disjoint union. 

We will now identify a vertex partitioned ribbon graph with its equivalence class. 


Definition 11. We let denote the combinatorial Hopf algebra associated with vertex parti¬ 
tioned ribbon graphs via Proposition [TJ Its coproduct is given by 

^vrg {o.r)= Yi {G,V)\A<^®{G,V)/A. 

ACE{G) 


While has three elements of graded dimension 1, B^'^^ has four, giving rise to the following 
maps. 


(54) 

db(G',P) = |j 

(55) 

SniG,V) 


if (G,P) = (C>0,{M,W}) 

otherwise 



if (G,P) = (^,{W)) 

otherwise 


4<,(G,P) 


1 if (0,P) = (^, {{»}}) 

0 otherwise 


Si{G,V) 


1 if(G,P) = ((X3,{{^,^}}) 

0 otherwise 


where the drawing above represent the equivalence classes of the respective ribbon graphs, and u 
and V are the vertices in the relevant figures. 

We set 


(56) da — ^(oij ^3 5 04 ) -|- 0260 + a^dn + 

Example [2] shows that da is not uniform unless 03 = y/afoA- The following theorem will show that 
the converse holds, so da is uniform if and only if 03 = y/afaf. 


Theorem 9. The canonical Tutte polynomial of the combinatorial Hopf algebra is given by 


(57) 

a(a,b)(G,P) 


\E\—p{G) p{G)—r{Gfp) 

Vi % Vz 




AGE 


r{A/p) 


2/2/ 


\A\-p{A) 


Vz) 


p(A)-r(A/p) 


where a = {xi,X 2 ,y/xfxi,X 3 ), b = {yi,y 2 ,^/mJz,yz), and E = E{G). 


Proof Set ri(G,P) := r(G/^), r 2 {G,V) := \E\ - p{G), r 3 {G,V) := p{G) - r{G/p), where p{G) is 
as in Equation (fT7|) . and E = E{G). 
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From Equation 
matroid 


(58) 


and recalling that e is a loop in a graph if and only if it is a loop in its cycle 

ri{G,V) = 


(59) 


r2{G,V) = 


ri{{G,V)/e) if e is a loop in G/-p, 
ri{{G,V) / e) + 1 otherwise. 

Similarly, by Lemma [TOl and using a result from |16] that e is (not a / an orientable / a nonori- 
entable) loop in G if and only if e is a (not a / an orientable / a nonorientable) ribbon loop in 
D{G), we have 

r 2 {{G,V)/e) if e is not a loop in G, 

'>' 2 {{G,T’)/e) + 1 if e is an orientable loop in G, 

'i" 2 {{G,V)/e) + 1 if e is a non-orientable loop in G. 

From the cases for ri and r 2 above we can deduce that 

^ 3 {{G,V)/e) if e is not a loop in G or G/p, 
r 3 ((G,'P)/e) if e is an orientable loop in G and a loop in G/p, 
r 3 ((G, P)/e) if e is a non-orientable loop in G and a loop in G/p, 
r 3 ((G, P)/e) if e is not a loop in G, but is a loop in G/p. 

Then if hi := he, S 2 ■= ho, hs := h„, and 64 ^ := h; in Theorem [T] we have mu = 77122 = W '43 = 1, 
'it ^32 = ■'^^33 = and all other mij are zero. The theorem then gives 

r u\(r^ 'T-)^ \E\-p{G) p{G)-r{G/j>) \ ( ^2 \ ( ^3 \ 

a(.Mia,V)=y, fc ,3 EJ-j (-j 


r3{G,V) = 


y3j 


□ 


as required. 

We can recognise the Bollobas-Riordan polynomial in Equation (|57l) : 

Corollary 9. Let G = {V,E) be a ribbon graph, V = {{u} | v G V}, and a be as in T/ieoremO 
Then 

( 'T->\ r(G) |E|-r(G)/ / \i7(G)D f t 

a{a,h){G,r) = ' ^ 3 / 7/2 ^Rg — + 1, —, W- • 

\xi y2 y X2y3j 

In particular, if a= (1, y, yz, yz'^), b = (x — 1,1,1,1), then 

a{a,h){G,V) = RG{x,y,z). 

Proof. The result follows from Theorem [U] upon noting that here r{A) = r[A/p) and, via Euler’s 
Formula, p{A) = r{A) + 57 (A). □ 

In light of Corollary 0 it is natural to make the following definition. 

Definition 12. The Bollobas-Riordan polynomial, R(^G p^{x,y, z), of a vertex partitioned ribbon 
graph {G, V) is defined by 

R(G.r){x,y,z) = a(l,x,y)(G,P) 

= ^ _ iy{G/v)-rA/j,)y\A\-r{A/j,)^2{p(A)-r{A/T,)) ^ 

ACE{G) 

where a is as in Theorem [9] and x = (1, y, yz, yz^), y = (x — 1,1,1,1) 

Corollary 10. The projection (p : g-ijg defined by </>(G, V) = G is a Hopf algebra morphism. 

Furthermore it naturally induces the identity 

RG{x,y) = (x - Ri^G,v){x,y - l,l/^/{x-l){y-l)). 
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Proof. The mapping is easily seen to be a well-defined Hopf algebra morphism. In Theorem [2] 
let Ti = be the selector used in Theorem [9l and (5^/ be the selector used 

in Theorem [8l We have xi, X2, X 3 , xi){G,V) = 6yi{s,xi,X2,X3){G). By Theorem [2l and 
Corollaries [3 and El RG{x,y) = {x — y — 1,1/^J{x — l){y — 1)). □ 


3.8. Krushkal’s polynomial. The Krushkal polynomial is a 4-variable extension of the Tutte 
polynomial to graphs embedded (not necessarily cellularly) in surfaces. Arising from an attempt to 
understand the combinatorial structure of the Potts model on surfaces, it was defined by S. Krushkal 
in |32] for graphs in orientable surfaces, and extended by C. Butler in m to graphs in non-orientable 
surfaces. 

For a graph G = {V,E) embedded in a surface S, denoted G C S, the Krushkal polynomial is 
defined by 

KGMx,y,a,b) := ^ 

ACE{G) 

where s(A) := 7 (A^(KU A)) is the Euler genus of a regular neighbourhood N(VDA) of the spanning 
subgraph {V, A) of G (note A^(KUA) can be considered as a ribbon graph); s-*-(A) := 7 (S\A^(KuA)); 
and, as in Equation (l36]l . 

(60) k{A) := #cpts(S\iV(K U A)) - #cpts(S\fV(K)), 

Observe that here ffcpts{T,\N{V)) = 7 )^cpts(E) since we are considering graphs in surfaces, rather 
than graphs in pseudo-surfaces. Note that we are following m and using the form of the exponent 
of y from the proof of Lemma 4.1 of [1] rather than the homological definition given in [32] . 

The Krushkal polynomial absorbs both the Bollobas-Riordan and Las Vergnas polynomials. From 

[Ml US] 

Rcix, y, z) = Kgc.t.{x - 1, y, yz^,y~^), 

when Rg is computed by considering the ribbon graph arising from a neighbourhood of G in S. 
From 

(61) Tgce(x, y, z) = - 1, y - 1, ^). 


Similarly to what we saw with the Bollobas-Riordan polynomial, the Krushkal polynomial is not 
the canonical Tutte polynomial arising from graphs in surfaces and their minors, but rather with 
vertex partitioned graphs in surfaces. A vertex partitioned graph in a surface, (G C E,P) consists 
of a graph G = {V, E) embedded in a surface S (although not necessarily cellularly embedded) and 
a partition V of its vertex set V. 

Considering only graphs in surfaces for the moment (i.e., forgetting about the partition), if e G E 
then (G C E)\e is the graph in a surface obtained by removing the edge e from the drawing of 
G C S (without removing the points of e from S, or its incident vertices). Edge contraction 
(G C S)/e is defined by forming a quotient space of the surface G/e C S' then resolving any pinch 
points by “splitting” them into new vertices as in Figure 1(a) and 1(c) (alternatively, delete a small 


neighbourhood of e in S and contract the resulting boundary component(s) to points which become 
vertices). 

Deletion and contraction for vertex partitioned graphs in surfaces is defined in the natural way, 
and analogously to the ribbon graph case. If e G E{G), then deletion is defined by (G C E,V)\e := 
((G C S)\e,E). Contraction is defined by (G C S,E)/e := ((G C S)/e,E'), where the partition 
V' is induced by V as follows. Suppose e = {u, v) and Pu,Pv are the blocks containing u and 
V respectively (u may equal v and the blocks need not be distinct). Then V' is obtained from V by 
removing blocks Pu and P^, and replacing them with the block (Pu U P^)\{m, u} U W where W is 
the set of vertices created by the contraction (so w consists of one or two vertices). 

28 





There are three graphs naturally associated with {G C Tj,V). The underlying graph in a surface 
G C S, the underlying abstract graph G, and the abstract graph G/-p obtained by identifying the 
vertices in G that belong to each block of V. 

It is convenient at this point to extend Equation (ITFl) to the present setting, dehning 

(62) p(^A)-.= \{\A\+v{A)-h{A)), 

where 6 ( 2 !) denotes the number of boundary components of A^(EU^). We set p{G C E,P) := p{E). 

We will show that the Krushkal polynomial arises as the canonical Tutte polynomial associated 
with vertex partitioned graphs in surfaces. 

Definition 13. We will say that two vertex partitioned graphs in surfaces (Gi C Tii,Vi) and 
(Gfc C SfcjPfc) are Kr-equivalent if there is a sequence of vertex partitioned graphs in surfaces 
(Gi C El,Pi), (G 2 C T;i,V 2 ), ■ ■ ■ , (Gfc C EfcjPfc) such that (Gj C Sj,Pj) is obtained from (Gj-i C 
Sj_i,Pj_i), or vice versa, by one of the following moves. 

(1) Deleting a component of the surface that contains no edges of the graph. 

(2) Deleting an isolated vertex from a graph. 

(3) Connect summing two surface components (away from any graph components). 

(4) replacing a region, with another surface with boundary (so that it forms a region of a new 
graph in a surface). 

It is clear that Kr-equivalence gives rise to an equivalence relation, and we let denote the set 
of all equivalence classes of graphs in pseudo-surfaces considered up to Kr-equivalence. We grade 
gvgs number of edges in any graph that represents its class. 

The following lemma is easily verified. 

Lemma 14. forms a minors system where the grading is given by the cardinality of the edge 
set, deletion and contraction are given as above, and multiplication is given by disjoint union. 

Definition 14. We let denote the combinatorial Hopf algebra associated with via 

Lemma [TT] and Proposition [TJ Its coproduct is given by 

A, 3 ,(GcS,P)= ^ ((GcS,P)\^^)®((GcS,P)M). 

ACE{G) 

Lemma 15. has a basis consisting of exactly five elements represented by 

( 1 ) a 1-path in the sphere with each vertex appearing in its own block of the partition, 

(2) a loop in the sphere, 

(3) a 1-path in the sphere with both vertices appearing in the same block of the partition, 

(4) a loop cellularly embedded in the real projective plane, 

(5) a loop that forms the meridian of a torus. 

Proof. Let (G C E,P) be a vertex partitioned graph in a surface with exactly one edge. If that 
edge is a bridge then delete any isolated vertices, remove any empty surface components, then 
replace the remaining region with a disc. What remains is a I-path in the sphere with each vertex 
appearing in its own block of the partition or a a 1 -path in the sphere with both vertices appearing 
in the same block of the partition. 

Otherwise the single edge in (G C S, P) is a loop. Again delete any isolated vertices then remove 
any empty surface components. The resulting vertex partitioned graph in a surface has one or two 
regions. If it has two regions replace each with a disc to obtain a loop in the sphere. If it has 
one region then either a neighbourhood N{e) of the edge is an annulus or Mobius band. If it is a 
Mobius band replace the unique region with a disc to get a loop cellularly embedded in the real 
projective plane. If it is an annulus replace the unique region with an annulus to get a loop that 
forms the meridian of a torus. □ 
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We now describe the selector of . For this set 


<5i(GcS,iP) 
52{G C S,P) 
53(GcS,iP) 
5i{G C S,P) 
55(GcS,iP) 



if (G C S,P) is a 1-path in the sphere, with a partition of two blocks 
otherwise 

if (G C Sj'P) is a loop in the sphere 
otherwise ’ 

if (G C is a 1-path in the sphere with a partition of one block 


otherwise 

if (G C S,P) is a loop cellularly embedded in the real projective plane 


otherwise 

if (G C is a loop that is a meridian of a torus 


otherwise 


Set 

(5a = (5(ai, 02, as, 04) 05) ■= ffli(5i + <12^2 + 03(53 + 04(54 -|- a^d^. 

Translating Example [2] to the setting of embedded graphs, shows that 6 ^ is not uniform unless 
04 = y/a^a^, in which case the following theorem says that it is uniform. 

Theorem 10. The canonical Tutte polynomial of the combinatorial Hopf algebra {g giyen by 


a(a,b)(G C S,P) 


r{G/y) k{GC.T,,V) p(GcS,7’)-r(G/p) \E\-p{G(lT.,V)-K{GC.T.,V) 

Vi 2/2 2/3 2/4 



where a = (xi, X 2 , X 3 , 0 : 4 ), b = (yi, 2 / 2 , 2 / 3 , V 2 / 32 / 4 , 2 / 4 ), and E = E{G). 


Proof. Set ri(G C S,P) := r(G/ 7 ^), r 2 (G C E,V) := k(G C S,P), r 3 (G C E,V) := p{G C 
S,P) — r{G/'p), r 4 (G C E,P) := \E\ — p{G C E,V) — k{G C E,V). Equation (f57|l relates rifGj'p) 
and r{[Gjp)!e). By observing that NfV U ^4) gives rise to a ribbon graph, we see p{A) from 
Equation ([62]) corresponds to p{A) from Equation ()T7l) . and then (f58]l gives the relation between 
p[fGjj}) and p{{Gj^p) je). Recall from Section ITTI that e G E{G) is a quasi-loop if ^(e) = 1. It is 
then not hard to see that 


<G,V) 


K,{{G,V)/e) -|- 1 if e is a quasi-loop, 
K{{G,V)/e) otherwise 


From these we can deduce the relations between ri{G,V) and ri{{G,V)/e), for each i. Applying 
this to Theorem [T] gives mu = m 22 = = m 54 = 1 , m 43 = m 44 = and all other mij are zero, 

and the result follows. □ 


Corollary 11. Let G C E be a graph in a surface, V = {{x} | x G R}, and a be as in TheoremUIK 
Then 


a(a,b)(G C E,V) 


_ r{G)^K{G)^U(G) -Is^iG) 


= X 


1 2/2 2/3 


2/4 


Kg(zt. 


(yf_ ^ fA m\ 
Va^i’ ^2’ ^3’ X4J 


In partieular, when a = (1, y, a, y/a, 1 ), b = (x, 1,1, y/h, b) 


«(x,y)(G (ZE,V) = h 2 ^^('^)A:G'cs(a:,y,o, 6 ), 
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and when a = (1, y, o, y/ah^ b), b= 

a(x,y)(G c S,P) = 6^'^(^)A'Gcs(a:,y,a, 1/6). 

Proof. First observe that G = G/p, and so r{G) = r{G/p). Then, by Euler’s formula, 

p{A) - r{A/p) = p{A) - r{A) = i {\A\ + v{A) - b{A))) - v{A) + c{A) = \-f{A) = 

For obtaining a exponent, we can write S = N {y)U N {E)VJ N [R) where V is the vertex 

set of G, E its edge set and N{R) is the complement of N{V)L)N{E), and where the neighbourhoods 
only intersect on their boundaries. Choose a triangulation of S that restricts to a triangulation 
of each of N{V), N{E), and N{R). To compute the Euler characteristic x(S\A^(E U A)), for 
ACE, with this triangulation observe that E\N{V U ^4) = [S\A^(1/)] U A^(^) and that each time 
we add the neighbourhood of an edge to T,\N{V), the Euler characteristic drops by 1. It follows 
that x(S\iV(EU^)) = x(S\A^(E)) - |^|. Using that 7(S\1V(UU^)) = 2 #cpts(S\A^(U U A)) - 
x(S\iV(U u ^)) - 6(S\iV(U U A)) we have 

7 (E) - s^(^) = 7 (E\iV(U)) - 7 (E\iV(U U A)) 

= 2 #cpts(S\lV(U)) - x(E\lV(U)) - b{E\N{V)) 

- 2 #cpts(E\iV(U U ^)) + x(E\lV(U U A)) + b{E\N{V U A)) 

= [x(E\iV(U)) - 1^1 - x(E\iV(U))] + 2[#cpts(S\iV(U U ^)) - #cpts(S\iV(U))] 

+ [ 6 (S\iV(U U ^)) - |U|] 

= 2[\A\-piA)-KiA)]. 

The results then follows from Theorem 1101 and the definition of □ 

Corollary 12. 

(1) The natural mapping cfi : TEds gi^rg (^gflned by sending {G C T,,V) to {N{G),V) is a 
Hopf algebra morphism. Furthermore it naturally induces identity 

RG{x,y,z) = - l,y,yz^,y~^). 

(2) The projection (j )2 ■ —)• TE^ defined by identifying all of the vertices in each block of 

the partition of {G C E,P) to a pinch point is a Hopf algebra morphism. Furthermore it 
naturally induces the polynomial identity 

L<t> 2 {Gc.T.,v){x, y, z) = - 1, y - 1, z~^,z). 

Proof. It is readily verified that maps are Hopf algebra morphisms. 

For (pi, in Theorem [2] let Tl = TE^^, H' = T-E^^, dp be the selector used in Theorem [H and dpi 
be the selector used in Theorem [ 8 j It is easily seen that 

'5w(ai,02,04,03,02)(G C S,P) = dn'{ai,a2,a3,a4){(p{G,V)). 

Theorem [2] gives 

an{'^,y,yz^,y,yz,x - 1 , 1 , 1 , 1 , 1 )(G cE,V) = anfil,y,yz,yz‘^,x - 1 , 1 , 1 , l){(pi{G,V)). 
Corollaries [IT] and |9| then give 

Kgc^y,{x - 1 , y, y, yz^) = Rg{x, y, z), 

but since G is cellularly embedded, 7 (S) = 7 (G). 
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For 4 >2, in Theorem [2] let % = , V.' = "H®*, <5^ be the selector used in Theorem [9l and 5-^/ be 

the selector used in Theorem El We have 5^(ai, 02 , 03 , 03 ,a 3 )(G C T.,V) = 5n'iai,a2,a3){(p2{G C 
SjT’)), so 

- 1 , 2 / - l,z~^,z) = an{l,y - 1 , 1 , 1 , 1 , 3 : - 1 , 1 , 2 ;, 2 , 2 :) 

= ««'(!, 2 / - 1 , 1 , 3 : - 1 , 1 , 2 ;) = L^^(^Gc^,P){x,y,z) 

□ 


In light of Corollary IIII we make the following definition. 

Definition 15. The Krushkal polynomial, K(^GcT:,v)ix,y,a,b), of a vertex partitioned graph in a 
surface {G C S,P) is 

K{GcJ^,r){x,y,a,b) := a(a,b)(G C S,P) 

= x^(G/p)-K^/l=)y«(A)QP(A)-r(A/p)^|A|-p(A)-K(A) 

ACE(G) 

where a is as in Theorem [9l a = (1,2/, a, y/ab, b), and b = (x, 1,1,1,1). 

We note that if P = {{u} | v G V}, then by Corollary [TT] 

K{GcT.,p)ix,y,a,b) = b^^^^'lKGGT,{x,y,a, 1 / 6 ). 

Following the proof of Item ([T|) of Corollary [12] gives 

R{GGT.,v){x,y,z) = K(^gcj:,p)(.x - l,y,yz^,y). 

While following the proof of Item ([2]) of Corollary [12] gives 

LMGcE,P)ix,y,z) = - 1,2/ - l,z-\z-^), 

where (/2 is the mapping from the corollary. 


3.9. The Penrose polynomial as a Tutte polynomial. We will now illustrate that graph 
polynomials that are not traditionally regarded as being “Tutte polynomials” arise as canonical 
Tutte polynomials minor systems. We consider delta-matroids again. In Section 13.51 we saw that 
the 2-variable Bollobas-Riordan arises is the Tutte polynomial arising from delta-matroids and the 
usual minor operations of deletion and contraction. However, delta-matroids have a third minor 
operation arising from loop complementation (see m)- We will examine what happens when we 
change our notion of deletion and contraction to incorporate the addition minor operation. In 
particular, we will show that the Penrose polynomial arises from this setting. 

The Penrose polynomial PgW was defined implicitly by Penrose in [ID] for plane graphs. It 
encodes important information about graph colouring. For example the number of edge 3-colourings 
of a plane, cubic, connected graph is given by Pg( 3) and by Pg{—2). For further explorations of 
its properties we refer the reader to the excellent expositions on the Penrose polynomial given by 
Aigner in [ 2 ] and [I]. Although it was first defined for plane graphs, in this section we will focus on 
matroidal definitions of the Penrose polynomial. We will discuss its graphical form in Section 13.101 
It was defined for binary matroids by Aigner and Mielke in [3]. For a binary matroid M = {E,r), 
the Penrose polynomial is 

(63) Pm(A) := ^ 

XCE 

where Bm{X) is the binary vector space formed of the incidence vectors of the sets in the collection 
{A € C{M) I A n X G C*{M)'\. Brijder and Hoogeboom defined the Penrose polynomial in greater 
generality for vf-safe delta-matroids in | 12 j . 


32 




Following Brijder and Hoogebooin m, let D = be a delta-matroid and e € E. Then 

ZD + e is defined to be the pair {E,E') where E' = EA{F U e \ E £ E and e ^ F}. If ei,e 2 G E 
then (D + ei) + 62 = (ZD + 62 ) + ei, and so for A = {oi,... , 0 ^} E E we can define the loop 
complementation of D on A, hy D + A := D + ai + ■■■+ Un- 

In general D + A need not be a delta-matroid, thus we restrict our attention to a class of delta- 
matroids that is closed under loop complementation. A delta-matroid ZD = [E,E) is said to be 
vf-safe if the application of any sequence of twists and loop complementations results in a delta- 
matroid. The class of vf-safe delta-matroids is known to be closed under deletion and contraction, 
and strictly contains the class of binary delta-matroids (see for example m)- In particular, Chun 
et al. in m showed that the delta-matroids of ribbon graphs are vf-safe. 

Set djo := r(ZDjiiin)- If A C F, then the dual pivot on X, denoted by D*X, is dehned by 

D*X := {{D * X) + X) * X. 

The Penrose polynomial of ZD, defined by Brijder and Hoogebooin in m , is 

(64) P(ZD;A) = ^ 

ACE 

It was shown in m that when the delta-matroid ZD is a binary matroid. Equation (I63p and Equa¬ 
tion (l64|) agree. 

Here we introduce a “rank function” on delta-matroids by 

(65) C{A) := i(|A| + w(ZD + A) - w(ZD)) = \A\/2 + p{D + A) - p{D) 

We define the 2-variable Penrose polynomial^ PD{x,y) £ by 

(66) PD{x,y) := ^ (x - 

ACE 

Proposition 2. The Penrose polynomial can he recovered as a specialisation of the 2-variable 
Penrose polynomial. 

yG;=1-|-i\/A, 1—i\/A 

Proof. Eor y/x = 1 -|- iy/X and ^/y = 1 — iy/X, the definition of ^ gives 
Pj,(x,y) = ^(fVA)2€(^)-2«(^)(-iVA)2|^l-2«(^) 

ACE 

= (_l)|i?l+^max(£>+E))_xC(£')-|E| ^ (_l)|A|)^;^y£;|-r,„ax(D+A)_ 

ACE 

Next 


PD{x,y) 


dD*E*A = rmm{{D*) * A -|- A =f= A) 

= rn,in((ZD + A)*) 

= |F| — rmax(ZD -|- A), 

where the first equality is by dehnition, the second uses the twisted duality identities of to 

write (ZD-|-A)* = ZD-|-A*F = ZD*A*A-|-A*A‘^*A = ZD*A*A'^*A-|-A*A = ZD*F*A-|-A*A = 
(ZD*) * A -|- A * A, the third equality follows by looking how duality changes the size of a maximal 
feasible set. □ 


Eor our minor systems we consider vf-safe delta-matroids, but rather than usual deletion and 
contraction for delta-matroids, which results in the Bollobas-riordan polynomial, we will use the 
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minor operations Dje and {D + e)/e. With these notions of minors, the following result is easily 
checked. 


Lemma 16. The set of isomorphism classes of vf-safe delta-matroids forms a minors system where 
the grading is given by the cardinality of the ground set, “deletion and contraction” are given by 
Dje and {D + e)/e and multiplication is given by direct sum. 

Definition 16. Let denote the combinatorial Hopf algebra associated with vf-safe delta- 
matroids via Lemma [l6] Proposition [TJ Its coproduct is given by 

\e(D) = y: D/A^(g){D + A)/A. 

ACE 


We will need to be able to recognise when an element e of D has D je^ isomorphic to Dc, Do, or 
Dn- Let D = [E,fF) be a delta-matroid, and e £ E. Then we say that e is a ribbon dual-loop if e 
is a coloop in Umax- A ribbon dual-loop e is is orientable if e is not a coloop in {D * e)max, and 
is non-orientable if e is a coloop in {D * e)niax- Observe that e is an (orientable/non-orientable) 
ribbon dual-loop in D if and only if e is an (orientable/non-orientable) ribbon loop in D*. Also 
observe that it can be determined if e is a (orientable/non-orientable) ribbon dual-loop by looking 
for its membership in sets in T'max and Tmax-i- 

Lemma 17. Let D = {E,E) be a delta-matroid, and e £ E. Then e is a orientable ribbon dual-loop 
(is not a ribbon dual-loop, is a non-orientable ribbon dual-loop, respectively) if and only ifD/e^ is 
isomorphic to Do (Do, D^, respectively.) 


Proof. We start by observing that 


D/e^ = {D* e^)\e^ = ([(D * e'=)\e'^] *e)*e = [{D* E)\e^] * e = {D*\o)*. 

So Dje^ = Do if and only if {D*\o)* = Do if and only if D*\e = Do. By Lemma 0 this happens 
if and only if e is an orientable ribbon loop of D* which happens if and only if e is an orientable 
ribbon dual-loop in D. Arguing similarly gives that D je^ = Do if and only if e is an not a ribbon 
dual-loop in D, and Dje^ = Do if and only if e is a non-orient able ribbon dual-loop in D. □ 


Lemma 18. Let D = {E,E) be a vf-safe delta-matroid, and e £ E. Then 


1"maxiD) 


rmax{D -\- e) 

' ^maxi,D “1“ e) 1 

Araax{D -|- e) -|- 1 


if e is an orientable ribbon dual-loop, 

if e is not a ribbon dual-loop, 

if e is a non-orientable ribbon dual-loop 


Proof. If e is an orientable ribbon dual-loop then it is a coloop of D m ax but not a coloop of (D*e) max . 
If there were any sets E £ E{D)miax-i with e ^ E then F{D * e)max would consist exactly of sets 
of the the form E U {e} for these E, so e would be a coloop {D * e)niax- Thus there is an element 
X £ J-'(D)max such that A\{e} ^ F{D) and it follows that X is a maximal set in F{D -£ e). Thus 
^raa,x{,D T c) — ^max(I^)' 

If e is not a ribbon dual-loop then it is not a coloop of D m ax. Thus there is T G F{D)miax such that 
e ^ E and TU{e} ^ F{D). It follows that FU{e} £ F{D-\-e), and that rmax(A> + e) = r m ax(D) -|-1- 

If e is a non-orientable ribbon dual-loop then, by Lemma flTl Dje^ = D^. If there was a set 
E £ F{D) max such that T\{e} ^ F{D) then by contracting the elements of T\{e} first we would 
get that D je^ = Do. Similarly, If there was a set T G F(D) max such that E U {e} ^ F{D) then 
by contracting the elements of T\{e} first we would get that Dje^ = Do. Thus E £ F{D)miax if 
and only if T\{e} G F(D) max . and it follows that r^iaxiD -\- e) = r^iaxiD) — 1. □ 
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Lemma 19. Let D = {E,J^) be a vf-safe delta-matroid, and e € E. Then 


C{D) 


'^i[D + e)/e) + l 
< ^{{D + e)/e) + l 
MD + e)/e) 


if e is an orientahle ribbon dual-loop, 

if e is not a ribbon dual-loop, 

if e is a non-orientable ribbon dual-loop 


Proof. We have 
(67) 

2(^(^) - f{{D + e)/e)) =\E\ + r^,,{D + E) - - |^| + 1 - r^U[{D + e)/e] + (£;\{e})) 

+ ?’max((-D + e)/e) 

=rmax{D + E) - rmax(-D) - rmax((71 + E)/e) + rmax((71 + e)/e) + 1, 

where the first equality is by definition, the second uses that [{D + e)/e] + (i?\{e}) = {D -\- E)/e. 
We have 

, , - /^max(L»/e) if e is a loop, 

\?’max(71/e) + 1 otherwise. 

(This identity follows easily from the definitions, but was also show in the proof of Lemma fTUll 
Furthermore, we claim that e is a loop of H + e if and only if it is also a loop of 11 + FI. Assuming 
this claim for the moment, we can use Equation (1681) to eliminate all of the contractions in (1671) . 
giving 

2(^(Z1) - f{{D + e)/e)) = r^a.^{D + e) - r^s.^{D) + 1. 

The result then follows by an application of Lemma [THJ 

It remains to verify the claim that e is a loop of H + e if and only if it is a loop oi D-\-E. For this 
suppose / S E with e 7 ^ / (if there is no such / then the result is trivially true). Then if e is a loop 
of D-\-e it appears in no feasible sets of D-\-e, and so it can not appear in a feasible set of {D-\-e)-\- f. 
By Induction it follows that if e is a loop of H + e then it is a loop of (H + e) + (E\{e}) = D E. 
Applying this result to the delta-matroid D -\- (E\{e}) gives that if e is a loop of {D + (£'\{e}) + e) 
then it is a loop of (H-l- (ii'\{e}) -t-e) -|- (£'\{e}) = D-\-e (since loop complementation is involuntary 
and commutes on disjoint elements). This completes the proof of the claim and the proof of the 
lemma. □ 


For constructing the Tutte polynomial of we use the same da as for the Bollobas-Riordan 
polynomial, see Equation ()44p . For uniformity we see that, by applying d 0 d to A{D), where D is 
over E = {e, /} and has feasible sets 0, {e}, and {e, /}, da is uniform only if ai = y/af^- 

Theorem 11. The canonical Tutte polynomial of the combinatorial Hopf algebra TE^ is the 2- 
variable Penrose polynomial: 

(69) Q!(a, h){D) = Pd (— + 1, — + iV 

V 2 :i y2 J 

where a = {^/xlX 2 ,Xl,X 2 ), b = {y/yiy 2 , yi,y 2 ), and E is the ground set of the delta-matroid D. 

Proof. Applying Theorem [U with D \ e := Dfe and D // e ■.= {D + e)/e, ri{A) := ^(A), and 
r 2 {A) := |A| — ^(A), and using Lemmas fT71 and fTOl gives mu = 1 / 2 , m 2 i = 1, mai = 0, mi 2 = 1 / 2 , 
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Figure 3. Giving a “half-twist” to an edge of a ribbon graph G to form 


17122 = 0, 71732 = 1 (so oi = yJx\X 2 i 02 = Xi, and 03 = X 2 )- Thus 


(I) 


ACE 

ACE 


i{D)-^{A) 


^ 2 / 


|A|-«(A) 


from which the result follows. 


□ 


At this point the reader might ask why we chose the minor operations Dje and {D + e)/e, rather 
than D\e and [D + e)je. In Section 14.41 we will examine the resulting Hopf algebra and show that 
it does not results in a new polynomial. 


3.10. The Penrose polynomial for ribbon graphs. The Penrose polynomial has traditionally 
been defined in terms of left-right facial walks or states of a medial graph. Here, however, we use a 
formulation of the polynomial from |25] to define it in terms of partial Petrials. Let G be a ribbon 
graph and A C E{G). The partial Petrial, of G is the ribbon graph obtained from G by 

for each edge e £ A, choosing one of the arcs (a, b) where e meets a vertex, detaching e from the 
vertex along that arc giving two copies of the arc (a, 6 ), then reattaching it but by gluing (a, b) to 
the arc ( 6 ,a) (the directions are reversed). This is shown in Figure [3l The Penrose polynomial of 
a ribbon graph (or cellularly embedded graph) G is defined by 

P^(A):= ^ (-1)1^1 

ACE{G) 

If D{G) is the delta-matroid of G then, from [T7] . 

(70) PciX) = 

Proceeding as in Section [3.91 we define the 2-variable Penrose polynomial by 


(71) PD{x,y) := J](x-l)«(®)-«(^)(y-l)l^|-«(^). 

ACE 

where 

(72) ^(AI) = i(|H| + /(G"(^))-/(G)) 

We state the following without proof. 

Lemma 20. The set of equivalence classes of ribbon graphs considered up to joins and isomorphism 
forms a minors system where the grading is given by the cardinality of the edge set, deletion is given 
by G/e, contraction by fe, and multiplication is given by direct sum. 

We identify a ribbon graph with its equivalence class. 
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Definition 17. Let denote the combinatorial Hopf algebra associated with ribbon graphs via 
Lemma [20] and Proposition [TJ Its coproduct is given by 

Aper{G)= ^ 

ACE{G) 

It is instructive to compare the following example to Example [2] 

Example 3. 



Using 6 h, 6o, and 6 n from Equation SO] gives 
(73) (5a = <5(01,02) O 3 ) := + 0 , 2^0 + 03<^n 

Example [3| shows that 6 a is not uniform unless oi = The following theorem shows that it 

is uniform if this holds, and identifies the corresponding canonical Tutte polynomial. 


Theorem 12. The 2-variable Penrose polynomial polynomial arises as the canonical Tutte poly¬ 
nomial of the combinatorial Hopf algebra : 

(74) a(a.b)(G) = f?" + 1. + l) . 

1/2 / 

where a = (y/TIxi,xi,X 2 ), b = ( 4 / 2 / 12 / 2 , 2 / 1 , 2 / 2 ), and E = E{G). 

To prove the theorem we use the following lemma. 


Lemma 21. There is a natural Hopf algebra morphism 4> ’■ H^‘^^ —)• H^^ given by cj) : G ^ G)[G). 

Proof. Since D{G V H) = D{G) © D{H), (j) is well-defined. It is easily seen that cj) is multiplicative, 
and send the (co)unit to the (co)unit. It was shown in [HI [Hj that D{G)/A = D{G/A) and 
D{G)+A = D(G"(^)), giving D(Ap,,(G)) = Eace D{G/A<^) ® /A) = Eace D{G)/A'^ ® 

{DiG)+A)/A = Ape{DiG)). □ 

Proof of Theorem , fTH Upon verifying that 5}y{G) = 6'^{D{G)), 6o{G) = (5(,(I1(G)) and 6n{G) = 
5(j(C(G)), where the primed (5’s are those of Equation (f43j) . Theorems [2] and [7| give 


a;(a, b)(G) = 


_ £(D(G))^ Ii?|-S(Z)(G)) 


2/2 


’P, 


D(G) 


^ + 1 ,^ + 1 

Xi y2 


where E := E{D{G)). It remains to show that for any Cn(G)(^) = ?g(^), but this follows by 
Equation ([65]) . which gives, ^(T) = |T|/2 + p{D -\- A) — p{D), and by Equation (l5T|) . which gives 
PDiGM) = Pg{A) = i (1^1 - v{A) + f{A)). □ 

Corollary 13. Let G be a ribbon graph. Then 

Pg{x, y) = (-l)/(G^‘"b-c(G);^^(G)-|i?|-c(G)p^(;^) 

Proof. The result follows from Theorem [T^ Proposition [2] and Equation (f70|) upon noting that 
71(G-(^))„,ax = (C(G-(^))*))*, and so w(7?(G) + E) = \E\ - r((G-(®))*) = |E| - /(G-(^)) + 
c{G). □ 


4. Applications 

Throughout this section we work exclusively with Hopf algebras of a minors system. We will 
show that canonical Tutte polynomials of minor systems, in general, have many of the desirable 
properties of the classical Tutte polynomial of a graph or matroid. 
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4.1. Deletion-contraction definitions. The motivation behind our consideration of Hopf alge¬ 
bras generated by concepts of deletion and contraction was to construct graph polynomials that 
satisfy a recursive deletion-contraction definition that is independent of order of edges to which 
it is applied, and that reduces the computation of a polynomial to that of a unique trivial object 
(equivalently, it generates a 1-dimensional skein module). That is we want our polynomials to 
satisfy a recursive definition analogous to that of the classical Tutte polynomial of a matroid; 


(75) 


TM{x,y) 


'1 if M = C/o,o 

yTM\e{x,y) if e is a loop 

xT]^\e{x,y) if e is a coloop 

. TM\e {x,y) + Tu/e {x,y) Otherwise 


The following theorem provides the analogue of (I75p for an arbitrary canonical Tutte polynomial. 


Theorem 13. Let LL he a Hopf algebra of a minors system, and (5a and (5b he a uniform selectors. 
Then the canonical Tutte polynomial a(a, b) is a recursively defined by 

/(5b(5//e'=)-a(5\\e) + (5a(S\\e'=)-a(5//e) if S ^ So 
^ ^ ifSeSo 

Proof. Suppose that 6 ^ and (5b are uniform. For each S' S 5, we can write /s(a) for exp^((5a)(S'). 
Then 

a(a,b)(S)= 

ACE{S) 

Suppose that |F'(S')| > 2, and e G E{S). Then 


a(a,b)(5)= ^ /s\\A=(a) •/s//A(b) 

ACE(S) 

= ^ fs\A4^) ■ fs//A(}>) + ^ fs\A<^{^) ■ fs//A0^) 

ACE{S) ACE{S) 

e^A e&A 

= X] /(5\\e)\\A'=(a) •/s//A(b) I -7 ^ /5\\A=(a) •/(S//e)/M(b) I . 

\A<ZE{S\e) ) \A<ZEiS//A) J 

Consider the computation of one of the terms of the form fsf/AO^) ia the above. Recall fs//A0^) = 
exp^((5b)(S' H A). If m = \E{S jf A)|, then we can write 

. m 

exp*((5b)(S / ^) = — X] ‘^b(Cj'i) • (5b(17j, 2 ).5b(C'j,m) 

j=i 

where each Uij G iSi. (The Uj^i (8) ■ ■ ■ <8> Uj^m are exactly the terms of A(™')(5 / A) in which each 
tensor factor is in 5i.) Since (5b is uniform, 

/5//A(b) = exp^((5b)(5 // A) = (5b(Cj' 1 ) • (5b(Cj' 2 ).(5b(t/j,m), 

for each j, and we can choose the summand exp^((5b)(S' / A) is calculated from. Writing as 

(A(m— 1 ) (g) Q 

we can choose a summand that arises as a term of 
A<”-‘l({5//yl)\\e)®((S//.4)//e'), 


fs//A{b) = /(S//.,)v{b) ■ «b((S // A) // e‘) = f,s\e)IA(b) ■ ib(S // e‘) 
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For fsXA^^i^) we proceed similarly. We have fs\A<^{^) = exp^(5a)(5' \ A^). If m = |F'(5 ^ A'^)\, 
then by the definition of (ia, we can write 

- m\ 

exp,(4)(5 \\ • 4 (? 7 ,- 2 ). 

i=i 

where, again, each Uij G 5i. Since 5a is uniform, 

/5\\A=(a) = exp^(5a)(<S' A'^) = 5a(C/j-i) • 5a(C/j, 2 ). SaiUj^rn), 

for each j, and so we can choose the summand exp^(5a)(5’ A^) is calculated from. So writing 

as (id (81 o A, we can choose a summand that arises as a term of 

((S\\A)\\0®A''”-‘'((S\\A)/e), 

and so 

/5\\A(a) = 5a((5 W A) W • /(S\\A)//e(a) = 5a(S W • /(S//e)\\A(a) = 5a(S W • /(S//e)\\A(a) 
Thus we have that 

a(a, h){S) = 6US// e'^) ■ a(a,b)(S \ e) + 6^(S \\ e'^) • a(a, b) (S // e) 

It is easily checked that this identity also holds when |F'(S')| = 1, and that a(a, b)(S) = 1 when 
IE(S)1=0. □ 

Theorem fTHl gives recursive deletion-contraction definitions for each of the graph polynomials 
discussed in Section [3l Some of these relations are known: 

(1) Theorems 1131 and [3l give the standard deletion-contraction relations for the Tutte polynomial 
of a matroid, shown in Equation ()75p . 

(2) Theorems 1131 and HI give the standard deletion-contraction relations for the Tutte polynomial 
of a graph. 

(3) Theorems 1131 and [5l give Las Vergnas’ deletion-contraction relations for Tm^m' from The¬ 
orem 5.3 of [37] . 

(4) Theorems [T3| and [ 6 | give Ellis-Monaghan and Moffatt’s deletion-contraction relations for 
Lgcs from Theorem 4.9 of [26] . 

(5) Theorems [13] and [ 8 ] give deletion-contraction relations for Rq that are equivalent to those 
for the Bollobas-Riordan polynomial Rg{x -|- l,y, 1/yfxy) in Corollary 4.42 of [22] . 

However, the deletion-contraction definition relations for the remaining polynomials are new to the 
literature. Specifically, our work here gives new deletion-contraction definitions for the 

(1) 2-variable Bollobas-Riordan polynomial of a delta-matroid, 

(2) 3-variable Bollobas-Riordan polynomial, 

(3) Krushkal polynomial, 

(4) 2-variable Penrose polynomial. 

One thing we emphasise is that to obtain the complete deletion-contraction relations for the 3- 
variable Bollobas-Riordan polynomial and the Krushkal polynomial we had to extend the class of 
objects on which the polynomials had been defined. This was done in [26| for the Las Vergnas 
polynomial. 

In the interests of brevity we will not explicitly write down the deletion-contraction definitions for 
all of the above polynomials. Instead we will illustrate the application of Theorem fT3] to RD{x,y). 

Theorem 14. RD{x,y) is recursively defined by R( 0 ^ 0 )(x,y) = 1 and 

Rd{x, y) = fie) ■ RD\e{x,y) + g{e) ■ Rnieix,y), 
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where 


/(e) 


5(e) 


'y-1 
< 1 

yy-i 

X — 1 
< 1 

^y/x - 1 


f/ e is noi a ribbon dual-loop 

if e is an orientable ribbon dual-loop 

if e is a non-orientable ribbon dual-loop 

if e is not a ribbon loop 

if e is an orientable ribbon loop 

if e is a non-orientable ribbon loop 


Proof. Theorem [7] gives that i?D(a^j y) = a(l,y — l,\/y — l,x — l,l,\/a: — 1). The result then follows 
by an application of Theorem [T3l using Lemmas P and [T71 to recognise the values of 6{Dfe^) and 
6{D\e^). □ 


Remark 2. Theorem [13] would give a set of four deletion-contraction identities for the Tutte 
polynomial of a matroid TM{x,y), and nine for the Tutte polynomial of a matroid perspective 
TM->.M'{x,y, z), rather than the usual three or four, respectively, from the literature. In these 
cases the structure of matroids can be used to show that the extra cases given by Theorem 1131 are 
not possible. It is natural to ask if we need all nine cases in the deletion-contraction relation for 
RD{x,y). That is, for each of the nine possible loop, dual-loop types in Theorem [HI is there a 
delta-matroid and element e that realises it? It can be checked that there is a delta-matroids over 
a one or two element ground set that contains an edge of each nine combinations, and so all nine 
cases are needed. 


A deletion-contraction relation for Rq is readily obtained by translating Corollary [TT] into the 
language of ribbon graphs (or equivalently by applying Theorem [T|). For this ribbon loops are 
just loops. The dual-loops are characterised in terms of ribbon graphs by looking at the boundary 
components of G that touch e as follows. Suppose the endpoints of intersections between edge e 
and its incident vertices (or vertex) are the points {a, 6, c, d} where a and b are the end points of one 
interval of intersection between e and a vertex, while c and d are the end points of the other, and 
these points are met in the cyclic order abed when travelling round the boundary of the edge-disc 
e. Then e is a not a ribbon dual-loop if there is a boundary component of G meeting these points 
in the order abed] a non-orientable ribbon dual-loop is a boundary component of G meeting these 
points in the order aebd] and is an orientable ribbon dual-loop if these points lie on two boundary 
cycles. It can be shown that the resulting deletion-contraction relation for Rq is equivalent for 
that given for Rg{x + l,y, Ij^fxy) in Corollary 4.42 of [22]. The difference in the types of edges 
appearing in the two results is due to the normalising factor . 


4.2. Universal forms. The well-known universality of the Tutte polynomial of a matroid can 
be formulated as saying that there exists a unique, well-defined, matroid polynomial fM{x,y, a,b) 
given by 


(76) 


fM 


'1 if M = Uo,o 

yfM\e{x,y) if e is a loop 

xfM\e{x, y) if e is a coloop ’ 

^afM\e{x, y) + bfM/eix, y) otherwise 


and that 

The two key features of this universality property are (1) that the recursion relations in Equa¬ 
tion (j76p give a well-defined polynomial, and (2) that this polynomial can be obtained from a 
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particular distinguished specialisation, namely Tm- In the present context of canonical Tutte poly¬ 
nomials a, Theorem [13] provides a recursion relation for a polynomial, the question becomes one 
of determining what particular distinguished specialisation can play the role of Tm in the general 
setting. The following theorem answers this question for the polynomials in Section [3] 


Theorem 15. Let Ti, J, 6g„ and (ib be defined as in Theorem[I\ Suppose that Jx,Jy,Jz ^ J 
partition J, and that 5a' 5b' obtained from 5a and 5b, respectively, by setting Xj = 1 when 

j G Jx and yj = 1 when j ^ Jy- Then there is a unique, well-defined polynomial invariant a of H 
given by 

a(S) = // e-) • a(5 \\ e) + 6^{S \ e<^) • a(5 // e) tf S ^ So 

^ ll ifSeSo' 


Moreover, 


n I ( ^ for jeJxj > 

j&Jy } V Xj^Xj/vj for j&Jy / 


«(5) = n 

\j£Jx / \j&JY 

where a'(a', b')(S') is the canonical Tutte polynomial ofTi defined by 5a' and 5b' . 

Proof. It follows from Theorems [T] and [T3| that the recursion relations define the polynomial 

rj(A) 


a(S) = a(a,b)(5) = 2^? U 11 


jeJ ACE(s)jeJ 


Vj 


Also by Theorem [TJ 


a 


'(a',b')(5)= I n 2/? 

j&Jx 


fjiS) 


n y': 

d&Jz 


rj(S) 
j 


E n 


rj(A) 


n 


.ViiM 


n t 

jeJz 


ACE{S) \jeJx j \j&JY 

The theorem is readily seen to hold upon comparing these state sums for a and of. 


rj{A) 


□ 


Conceptually Theorem 1 151 savs that in the definition a (a, b) via Theorem [U half of the variables 
are redundant. Although a(a, b) is in variables {xj,yj}j^j, for each j G J we can set either Xj or 
yj to 1 without losing any information from the polynomial. 

Theorem 1151 applies to all of the invariants in Section [3j In particular, it shows that each of Tm, 
Tg, Tm, Lgce, Rd, Rg, R{g,'P)^ Rgce, Pd, and Pq is a universal object for the relevant class of 
polynomials. We will not write down explicit universality statements for each of these polynomials, 
but will note, as an example, that for matroids, the two universality statements for Tm in this 
section coincide. 


4.3. Convolution formulas. W. Kook, V. Reiner and D. Stanton’s celebrated convolution formula 
of [30] expresses the Tutte polynomial of a graph or matroid M in terms of 1-variable specialisations; 

(77) TM{x,y)= ^ TM\A-iO,y) ■Tm/a{x,0). 

ACE{M) 
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The convolution formula (j77p follows easily from the writing of the Tm{x, y) in terms of exponentials 
in Corrolary[TJ To see this, start with the following rewriting of a: 

a{a,h){S) = [exp^((5a) * exp^((ib)](5') 

= [exp*((5a) * exp*((5c) * exp*((5_c) * exp*((5b)] (G) 

(78) = [exp*((5a) * exp*((5c)] 0 [exp*(5_c) * exp*((5b)](A(5)) 

= a{a,c)(S\\ >!•=). a{-c,b)(S//yl'). 

ACE 

An application of Theorem [T] with a = (1, y — 1), b = (x — 1,1) and c = (—1,1) then gives (iTTp . 
This derivation of the convolution formula was first observed in |20j . 

Equation (I78p is not specific to Tm and can be used to obtain new convolution formulae for other 
canonical Tutte polynomials. There is a slight subtlety in the derivation of such formula, however. 
For a given canonical Tutte polynomial Q!(a, b), the variables in each term of a or b may depend 
upon each other (for example, this may be forced by uniformity of 5). We need to ensure that in 
both —a and —b the variables satisfy the same dependence, and ensuring this may require some 
specialisation of the variables or classes of object considered. For example, the 2-variable Bollobas- 
Riordan polynomial needs a to be of the form a = (x, y, s/^), but —a = (—x, —y, — y^xy) is not of 
this form ((—x, —y, ydry) is) and so we can not write the final equality in (I78p in this instance. As 
we will see below, we can work around this issue for the the 2-variable Bollobas-Riordan polynomial 
by restricting to orientable ribbon graphs or even delta-matroids. 

Theorem 16. The following identities hold. 

(1) If'M. is a matroid 'perspective and Tm the Tutte polynomial of a morphism of a matroid, 

Tm{x,y)= ^ rM\A'=(0,y,-l) •TM/A(a;,0,2;). 

ACE(M.) 

(2) If D is an even delta-matroid and R the 2-variable Bollobas-Riordan polynomial, 

RD{x,y) = ^ RD\A40,y) ■ Rd/a{x,0)- 

ACE(D) 

(3) If {G, V) is a vertex partitioned ribbon graph and R(g,V) ^) Bollobas-Riordan poly¬ 
nomial, 

R{G,v){x,y,z) = ^ R^G.r)\A-{^,y,z) ■ R^g,v)Ia{x,-1,1) 

ACE{G) 

(4) If {G C S, V) is a vertex partitioned graph in a surface and K(^gct,,v){x-i y, a, b) the Krushkal 
polynomial, 

K{GcT.,V){x-,y-,a-,ab‘^) = ^ Ki^GcT.,V)\A<^{-^iy^<^i<^^‘^) ' Ki^gcT.,V)/a{x,—'^,-'^,-'^)- 

ACE{G) 

Proof. Item [T] follows by Corollary [3] and Equation (fTHP with a = (1, y — 1,1), b = (x — 1,1, z) and 
c = (-l,l,-l). 

For Item [2] start by considering Equation ()44p . Since D is even and contraction and deletion 
preserve the parity of delta-matroids, Dn = ({e}, {0, {e}}) will never appear in any A"’(Z1), where 
n € N. Thus we can ignore the 6n term in Equation ()44l) . giving that a(a, b) of Equation (I45p 
equals exp*(xi(5fe -|- X 2 ( 5 o) * exp*(yi(5b -|- y 2 ( 5 o). We can now apply Equation (ITSP to this expression 
for a with a = (1, y — 1), b = (x — 1,1) and c = (—1,1). Applying Theorem [7] then gives the 
convolution formula. 
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Item [3] follows from the expression of R in terms of a in Definition [12] and Equation (I78p with 
a = ( 1 , y, yz, yz^), b = (x - 1 , 1 , 1 , 1 ) and^ = (- 1 , 1 , 1 , 1 ). 

Item m follows from the expression of K in terms of a in Definition [15] and Equation (1781) with 
a = ( 1 , y, a, ab, ab‘^), b = (x, 1 , 1 , 1 ) and c = (— 1 , 1 , 1 , 1 , 1 ). □ 

By the discussions in Sections 13.41 and 13.61 Item [T] in Theorem [TU] can be expressed in terms 
of the Las Vergans polynomial of graphs in pseudo-surfaces, and Item [2] in terms of orientable 
ribbon graphs (since D{G) is even when G is orientable by [21[IB|). Note that while Corollary [TUI 
gives RG{x,y) as an evaluation of R(^Q 'p'^{x,y, z), this result with Item [3] of Theorem [T6l does not 
give a convolution formula for RG{x,y) since the R(^Q^'pyA{x, — 1 , 1 ) is not of the form required by 
Corollary [To] to specialise to RG/A{x,y)- 

Remark 3. It may seem peculiar at a first glance that the convolution formula for Rcix^y) holds 
only for orientable ribbon graphs (since it holds for even delta-matroids), but that the more general 
polynomials R{^g,V) -^(Gcs.'P) have an orientability restriction in their convolution 

formulas. Upon closer examination, this is not so peculiar: it is simply a consequence of Rcix^y) 
having fewer variables than R[g,V) oi' -^(Gcs.'P)- To see why, observe that the trick that allowed us 
to consider non-orientable objects in R(g,'P) or TL(gcs,'P) ''^^s, when we had three terms of the form 
X, y, and y/xPy in a or b, to use the substitution x = a, y = ab'^, and y/jpy = ab. We can do this 
trick for R, getting a = (a, ab'^, ab), b = (1,1,1). However, the corresponding convolution formula 
is in terms of RG\A^{l/a + 1, ab"^ + 1 ) and Rg/a{^^ 0)- Since the variables are not split over the two 
polynomials, should this be considered a convolution formula? 

4.4. Duality. It is well-known that the Tutte polynomial of a matroid satisfies the duality relation 
Tm{x, y) = Tm* {y, x). We will now show how such duality duality relations fit in our Hopf algebra 
framework. 

Definition 18. Let "H be a Hopf algebra of a minors system, as described in Proposition [1] By 
a combinatorial duality for R we mean an involutionary grading preserving algebra morphism 
* : R ^ R, where we denote *(5) by S* and call it the dual of S, such that for each S £ R and 
each e G E{S), we have (S' \e)* = S* // e and (S jj e)* = S* \e. 

We can now state a general duality theorem, which is a variation of Theorem [2] 

Theorem 17. Let R he a Hopf algebra of a minors system with a combinatorial duality *. Let 
(5a = CLi^i CLnd (5b = bi6i be selectors for R. Then for all S £R, 

a(a,b)(S) = a(b*,a*)(S*), 

where a(b*,a*) is defined by the selectors (5a* := (5a o * and (5b* := (5b o *. 

Proof. The proof is very similar to the proof of Theorem [21 and so we only provide a sketch. First 
observe that A(S*) = (r o A(S))* where t : R ^ R : S ® S' S' ® S is the flip. This is since 
A(S*) = (E* \ *4'^) ® (S* H A) = Yl {S // A^)* <Si {S \ A)* = (r o A(S))*, where the last 

ACE{S*) ACE(S) 

equality follows since the sum is over all subsets of E{S). 

The result can then be obtained by following the proof of Theorem [2] but replacing to* for cj) 
and noting that the presence of the flip r reverses the order of the tensor factors. □ 

Corollary 14. The following duality identities hold. 

(1) [Tutte |l2|, Crapo [I 8 |y For a matroid M, TM{x,y) = TM*{y,x). 

(2) [Las Vergnas [36] / For a matroid perspective M = M —)• M', 

Tm.{x, y, z) = X, Xjz). 


43 


(3) [Las Vergnas [33]/ For a graph in a pseudo-surface G C S, 

Lg(zj:{x, y, z) = x, 1/z). 

(4) [Chun et al [TE]/ For a delta-matroid D, Rr,{x,y) = RD*{y,x). 

(5) [Ellis-Monaghan and Sarmiento |23|, Moffatt [38]/ For a ribbon graph G, Rcix^y) = 
RG*{y,x). 

Proof. Each identity follows by an application of Theorem [T71 

For Itemdl Ufi = C/o,i and so for 5a = a^i5c + X 2 S 1 from 5a* = 5a o * = X 2 Sc + xi5;. Thus 
by Corollary [T] and Theorem fT71 

TM{x,y) = a{l,y - l,x - 1,1)(M) = a{l,x - l,l,y - 1){M*) = TM*{y,x). 

For Item El ( 17 o,i ^ C/0,1)* = (C/1,1 ^ C/1,1), (C/1,1 ^ C/1,1)* = (C/0,1 ^ C/0,1), and (C/1,1 ^ 
C/0,1)* = (C/1,1 -t C/0,1). For 5a = Xi6cc + X 2 Sii + X3Scl, from ([Ml), <5a* = 5aO* = X 2 dcc + Xi 5 ii-\-X 36 cl, 
and so by Theorems [33] and [T7] 

TM{x,y,z) = q:(1,?/-1,1,x-1,1,z)(M) = q;( 1, x-1, z, y-1,11)(M*) = zR^'>~^'^^'>TM*iy,x,l/z). 

Item [3] can be obtained by proceeding as above but using the constructions in Section 13.41 or by 
using Item El and Equations (1^ and (l38]l . 

Item m follows similarly. With 5a = ai56 + 0260 + 035 ^ from ()33)l . 5a* = 02^6 + oi5o + a^dn- Then 
by Theorems [7] and [T7] 

RD{x,y) = a{l,y- l,x- 1,1)(T>) = a{l,x- 1,1,y- 1)(T)*) = RD*{x,y). 

Item [5] can be obtained by proceeding as above by using the constructions in Section 13.61 or by 
using Item Eland that Rq = Rd{g) from Equation (1521) . □ 

In Section [3]9] we considered non-standard concepts of deletion and contraction, and saw that the 
Penrose polynomial arises through the canonical Tutte polynomials of the resulting Hopf algebra. 
Our starting point in that section was the observation that there are three natural minor operations 
in delta-matroid theory: D \ e, Dje and D -|- e/e. Choosing the two operations D \ e, D[e 
generates the Hopf algebra 7/'^™ of Section 13.51 and the resulting canonical Tutte polynomial is the 
2-variable Bollobas-Riordan polynomial. Choosing H/e, (H -|-e)/e generates the Hopf algebra 7/^® 
of Section 13.91 and the resulting canonical Tutte polynomial is the 2-variable Penrose polynomial. 
One possible Hopf algebra remains: that generated by 77/e and D -\- eje. We will now show that 
this third possibility does not result in a new polynomial. 

Let 77^® be the Hopf algebra of Definition [1^ with coproduct Ape = ® {D -\- A)/A. 

Using the “deletion and contraction” D\e and D F eje instead and proceeding as for results 
in a second Hopf algebra of delta-matroids, that we denote 77^®, with coproduct 

Ape = ^ D \ ® (77 + A)/A. 

AGE 

Lemma 22. The function * : 77^® —)• 77^® defined by * : D D*, where 77* is the dual of the 
delta-matroid D is a Hopf algebra morphism. 

Proof. To show that Ape(77*) = (Ape(D))* we use the twisted duality properties of delta-matroids 
from Brijder and Hoogeboom [11] (see also [T7]) and that DfA = {D * A) \ A. First 

D*\A= {D*E)\A= {{D*A)*A^)\A = {{D*A)\A)*A'^ = {D/A)*. 
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Also, 


{D* + A)/A = {{{D*E) + A)*A)\A = {{{{D*A)*A^) + A)*A)\A = {{{{D*A)) + A)*A)\A)*A‘^ 
= {{{{D + A))*A) + A)\A)*A^ = (((Z) + A))*A)\A)*A‘= = {{D + A))/A)*A‘^ = {D + A))/Ay. 
Then 

Ape(T>*) = D*/A'^ (g) {D* + A) IA = ^ (D \ A^* 0 {{D + A)/A)* = {ApeiD))*. 

ACE ACE 

The remaining properties are easily verified. □ 


We take the following generic selectors of Equation (j44p for delta-matroids: for we take 
5a = CLiSb + 02^0 + CL^Sn, and for take 5a = 02^6 + ai5o + a^Sn- Let Q;(a, b) denote the 
canonical Tutte polynomial associated with 7^^®, and a(a, b) denote the canonical Tutte polynomial 
associated with T-L^'^ . Then, since * is a Hopf algebra morphism, by Lemma 12^ and that 5a = 5aO*, 
we can apply Theorem [2] to get 

Q!(a, b)(T)) = a(a, b)(L)*). 

Theorem [2] also gives that 5a is uniform if and only if 5a is. Thus we have shown the following. 


Theorem 18. The Tutte polynomial of the combinatorial Hopf algebra is the 2-variable Penrose 
polynomial: 


(79) 


d(a, b)(T>) = ''Pd* ( ^ + 1, — + 1 


m 

Xl 


y2 


where a = (xi, y/xiX 2 ,X 2 ), b = (yi, yyiy 2 , 1 / 2 ), cmd E is the ground set of the delta-matroid D. 

Thus the three minor operations D\e, D je and D+e/e of delta-matroids only generate two Tutte 
polynomials: the 2-variable Bollobas-Riordan polynomial and the 2-variable Penrose polynomial. 


5. Concluding remarks and further directions 

We started with the questions of why three topological Tutte polynomials (the Las Vergnas, 
Bollobas-Riordan, and Krushkal polynomials) had naturally arisen in the literature, and if any 
one of these can claim to be the Tutte polynomial of an embedded graph. These questions are 
answered by the Hopf algebraic framework of canonical Tutte polynomials presented here. Each of 
these three topological Tutte polynomials is a canonical Tutte polynomial, but each is a canonical 
Tutte polynomial of a slightly different combinatorial object with different concepts of deletion and 
contraction (see Table [T]). It is perhaps worth emphasising here that in order to give the Hopf 
algebraic framework for these topological Tutte polynomials, we had to enlarge the domain of the 
polynomials. In each case the domain can be found by starting with a cellularly embedded graph, 
a notion of deletion and contraction and looking for the class closed under these operations. 

Our work also offers an answer to a troublesome question on the Bolobas-Riordan polynomial. 
The Bollobas-Riordan polynomial is defined as a 3-variable polynomial Rg{x, y, z). However most of 
the known results about this polynomial, particularly its combinatorial interpretations, do not apply 
to the full 3-variable polynomial Rg{x, y, z), but rather to its 2-variable specialisation x'^^^'^^'^Rg{x-\- 
1, y, 1/y/xy) (see, for example, [SJ dll EH EH El]). Why is this? Again our Hopf algebraic 
framework offers an answer: x'^^'^')/'^RG{x-\-l,y, Ify/xy) is the canonical Tutte polynomial of ribbon 
graphs, whereas RG{x,y,z) is the canonical Tutte polynomial of vertex partitioned ribbon graphs. 
This suggests that one should look for evaluations and results for Rg^x, y, z) in the setting of vertex 
partitioned ribbon graphs, since restricting to ribbon graphs alone corresponds to the polynomial 
x'y^'^y^Rcix + 1, y, l/y/xy). 


45 




More importantly than these particular applications to topological Tutte polynomials, our Hopf 
algebraic formulation of graph polynomials provides a framework for the unification of the many 
graph polynomials in literature. We have been able to explain why some graph polynomials that 
arise in different contexts have similar properties. We have given some initial indication of the 
usefulness of a general framework for graph polynomials here, but much remains to be understood. 
To help with the development of the framework, we conclude with a few open problems. 

• In the definition of a we used selectors (5a that “pick out” elements in T-Li. Our reason for 
doing this was so that the resulting canonical Tutte polynomials would satisfy a deletion- 
contraction relation as in Theorem [131 What polynomials result if you allow selectors that 
“pick out” elements in higher graded dimensions? That is, if in the definition of the 5i from 
o, we allow I to index some other set of elements of T-L, rather than just a basis for "Hi? 
Along similar lines, what happens when we consider non-uniform <5? 

• What other graph polynomials from the literature can be realised as a canonical Tutte 
polynomial, or the Tutte polynomial of a Hopf algebra? What polynomials arise as the 
Tutte polynomial of Hopf algebras that are not from minors system? 

• The Bollobas-Riordan, Las Vergnas, and Krushkal polynomials have been traditionally stud¬ 
ied as polynomials of ribbon graphs, cellularly embedded graphs, and graphs in surfaces, 
respectively. Our work here shows that these are canonical Tutte polynomials of more 
general objects; vertex partitioned ribbon graphs, graphs in pseudo-surfaces, and vertex 
partitioned graphs in surfaces. Do known results about the Bollobas-Riordan, Las Vergnas, 
and Krushkal polynomial, for example quasi-tree expansions or combinatorial interpreta¬ 
tions, become more natural when expressed in theses more general canonical settings? 

• Theoremll5lgave a universality property for a particular class of canonical Tutte polynomials 
(i.e., those described by Theorem [1]). Find a universality property for canonical Tutte 
polynomials or for Tutte polynomials of Hopf algebras in general. 

• Can the framework of canonical Tutte polynomials be used to translate evaluations or 
computational complexity results about one point of one polynomial to a point in another 
polynomial? 

• Find full duality relations (i.e., without any specialisations of the variables) for the polyno¬ 
mials R(g,V) (^) 2/) -^(Gcs.'P) V-: R}- This would involve defining the dual of a vertex 

partitioned ribbon graph or a vertex partitioned graphs in a surface. 

• Theorem [13] gives deletion-contraction relations for all the polynomials from Section [3] 
However, there is a often redundancy in these definitions since sometimes it is impossible 
that both 5b(>S' He^) and 6a{S\e^) are non-zero. (For example, compare ([75]) to the deletion- 
contraction relations for the Tutte polynomial of a matroid arising from Theorem [T3j) 
Find the most compact forms for these deletion-contraction relations for the polynomials 
of Section [3] 

• The Penrose polynomial is known to encode many important properties of graphs (see, for 
example m)- What can be said about the 2-variable Penrose polynomial. Do properties of 
the classical Tutte polynomial or the Bollobas-Riordan polynomial translate to the Penrose 
polynomial? What combinatorial information, beyond that in the Penrose polynomial, does 
it contain? Does it have a quasi-tree expansion? 

• Theorem 1131 gave a universal form of polynomials that satisfy 

a{S) = 6b{S H e'") • a{S \e) + 4(5 \ e'") • a{S / e). 

If we call an element e of type (i, j) when Si{S jj e'^) = \ e^') = 1, then this deletion- 

contraction relation breaks into |Xp cases determined by the possible type (i,j) elements. 
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We could then define a more general deletion-contraction relation by 

/3{S) = Xij • j3{S ^ e) -1- yij ■ /3{S jj e), when e is of type 

We conjecture that /? is well-defined if and only if it coincides with a. This would say that 
the canonical Tutte polynomials are the most general graph polynomials satisfying this type 
of deletion-contraction relation. 

• The polynomial TG{x,y) was defined as the Tutte polynomial of a Hopf algebra whose 
elements were equivalence classes of graphs, rather then graphs themselves. A similar com¬ 
ment holds for the polynomials Rcix^y), RGix,y,z), .R(g,p)(x, y,z), K(GcT.,p)ix,y,a,b), 
and PG{x,y). On the other hand, the matroid version of the classical Tutte polynomial 
TM{x,y) is defined on a Hopf algebra matroids directly. Similarly, R£){x,y) and PD{x,y) 
are defined on a Hopf algebra of delta-matroids, rather than quotient spaces of them. This 
suggests that the polynomials considered here should be properly understood in terms 
of matroidal structures. What are the matroidal structures for which R(^G,P){x^y^ 

aHsc US canonical Tutte polynomials, i.e., what is the proper matroidal 
setting for the Bollobas-Riordan and Krushkal polynomials? 
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